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The theory unifying spin and charges and predicting families, proposed by N.S.M.B., pre-
dicts at the low energy regime two (in the mixing matrix elements decoupled) groups of
four families. There are two kinds of contributions to mass matrices in this theory. One
kind distinguishes on the tree level only among the members of one family, that is among
the u-quark, d-quark, neutrino and electron, the left and right handed, while the other kind
distinguishes only among the families. Mass matrices for d-quarks and electrons are on the
tree level correspondingly strongly correlated and so are mass matrices for u-quarks and neu-
trinos, up to the term, the Majorana term, which is nonzero only for right handed neutrinos.
Beyond the tree level both kinds of contributions start to contribute coherently and it is
expected that a detailed study of properties of mass matrices beyond the tree level explains
drastic differences in masses and mixing matrices between quarks and leptons. We report in
this paper on analysis of one loop corrections to the tree level fermion masses and mixing
matrices. Loop diagrams are mediated by the gauge bosons and the two kinds of scalar fields.
A detailed numerical analysis of fermion masses and mixing, including neutrinos, within this
scenario is in progress and preparation.
I. INTRODUCTION
The theory unifying spin and charges and predicting families (hereafter named the spin-charge-
family-theory [1–3]), proposed by N.S. Mankocˇ Borsˇtnik, seems promising to show the right way
beyond the standard model of fermions and bosons. The reader is kindly asked to learn more
about this theory in the refs. [1–3] and in the references therein. Following analyses of the ref. [3],
we here repeat the parts which are necessary for understanding the starting assumptions and the
conclusions to which one loop corrections beyond the tree level lead. We look at the two loop
corrections and present for the case that each group of four families would decouple into two times
two families numerical results with two loop corrections as well. Some of this results can be found
in [4].
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2The spin-charge-family-theory predicts eight massless families of quarks and leptons before the
two successive breaks – first from SU(2)I×SU(2)II×U(1)II×SU(3) to SU(2)I×U(1)I×SU(3) and
then from SU(2)I ×U(1)I × SU(3) to U(1)× SU(3). Mass matrices originate in a simple starting
action: They are determined on the tree level by nonzero vacuum expectation values of scalar (with
respect to SO(1, 3)) fields, to which vielbeins and two kinds of spin connection fields contribute.
One kind of the spin connection fields includes fields gauging Sab, which are determined by the
Dirac gammas (γa’s), another kind gauges S˜ab, determined by the second kind of gammas γ˜a’s,
used in the spin-charge-family-theory [1–3] to generate families. Each of the two breaks is triggered
by different (orthogonal) superposition of scalar fields. To the first break, besides vielbeins, only
the spin connections of one kind contribute. To the second break all the scalar fields contribute.
The mass matrices for eight families appear to be four times four by diagonal matrices, with no
mixing matrix elements among the upper four and the lower four families (not in comparison with
the life of the universe) also after the two breaks: The upper four families are namely doublets
with respect to two SU(2) invariant subgroups (with respect to SU(2)II , with generators of the
infinitesimal transformations ~˜τ2, and the one of the two SU(2) subgroups of SO(1, 3), the subgroup
SU(2)R with the generators of the infinitesimal transformations
~˜NR) of the group defined by S˜
ab,
and singlets with respect two the other two invariant subgroups (SU(2)I , with the generators ~˜τ
1,
and the SU(2)L, with the generators
~˜NL). The lower four families are doublets with respect to the
two subgroups, the singlets of which are the upper four families.
There are, correspondingly, two stable families: the fifth and the observed first family. The fifth
family members are candidates to form the dark matter, the fourth family waits to be observed.
After the first of the two successive breaks (the break from SO(1, 3) × SU(2)II × SU(2)I ×
U(1)II × SU(3) in both sectors, Sab and S˜ab, to SO(1, 3) × SU(2)I × U(1)I × SU(3)), which
occurs, below ≈ 1013 GeV, the upper four families become massive. In the second break, which
is the standard model-like electroweak break, also the lower four families became massive. The
second break influences also the mass matrices of the upper four families, although the influence
is expected to be small.
Rough estimations made so far [2, 5, 6] on the tree level, which took into account besides the
elementary particle data also the cosmological data, show that the stable of the upper four families
might have masses [6] of the order of 100 TeV/c2. (The ref. [10] discusses also a possibility that
the masses are much smaller, of around a few TeV/c2.) For the lower four families [2, 5] we were
not really able to predict the masses of the fourth family members, we only estimated for chosen
masses of the fourth family members their mixing matrices.
3In this paper we are studying, following suggestions from the ref. [3], properties of the mass
matrices of twice four families, evaluating loops corrections to the tree level. We namely hope to
see already within the one and may be two loops corrections the explanation for the differences
in masses and mixing matrices between quarks and leptons, as well as within quarks and within
leptons. To the loop corrections the gauge boson fields and both kinds of the scalar field contribute,
as explained in the ref. [3].
II. SHORT REVIEW OF THE SPIN-CHARGE-FAMILY-THEORY
Let us here make a short review of the spin-charge-family-theory. The simple starting action
for spinors (and gauge fields in d = (1 + 13), ref. [3], Eqs. (3,4)) manifests at the low energy regime
after several breaks of symmetries as the effective action (see the ref. [3], Eq. (5)) for eight families
of quarks and leptons (ψ), left and right handed
Lf = ψ¯γn(pn −
∑
A,i
gAτAiAAin )ψ +
{
∑
s=7,8
ψ¯γsp0s ψ}+
the rest, (1)
where n = 0, 1, 2, 3 and
τAi =
∑
a,b
cAiab S
ab,
{τAi, τBj}− = iδABfAijkτAk. (2)
All the charge (τAi, Eq. (2)) and the spin (Snn
′
;n, n′ ∈ {0, 1, 2, 3}) operators are expressible with
Sab. Sab are generators of spin degrees of freedom in d = (1 + 13), determining all the internal
degree of freedom of one family members. Index A enumerates all possible spinor charges and gA is
the coupling constant to a particular gauge vector field AAin , as well as to a scalar field A
Ai
s , s > 3.
Before the break from SO(1, 3)×SU(2)I ×SU(2)II ×U(1)II ×SU(3) to SO(1, 3)×SU(2)I ×
U(1)I × SU(3) ~τ3 describes the colour charge (SU(3)) [13], ~τ1 the weak charge (SU(2)I) [14], ~τ2
the second SU(2)II charge [15], and τ
4 determines the U(1)II charge [16]. After the break of
SU(2)II × U(1)II to U(1)I A = 2 denotes the U(1)I hyper charge Y (= τ4 + τ23) and after the
second break of SU(2)I ×U(1)I to U(1) A = 2 denotes the electromagnetic charge Q (= S56 + τ4),
while instead of the weak charge Q′ (= τ13 − τ4 tan2 θ1) and τ1± of the standard model manifest.
4The term in the second row of Eq. (1) determines mass matrices of twice four families
Lmf = ψ†γ0Mψ
=
∑
s=7,8
ψ¯γsp0s ψ = ψ
† γ0 (
78
(+) p0++
78
(−) p0− ψ ,
p0s = f
σ
sp0σ +
1
2E
{pα, Efαa}− , p0σ = pσ − 1
2
Sabωabσ − 1
2
S˜abω˜abσ ,
78
(±) = 1
2
(γ7 ± i γ8), p0± = p07 ∓ i p08 . (3)
The main argument to take s = 7, 8, is (so far) the required agreement with the experimental data.
The Dirac spin, described by γa’s, defines the spinor representations in d = (1 + 13). The second
kind of the spin [3, 7, 8], described by γ˜a’s ({γ˜a, γ˜b}+ = 2 ηab) and anticommuting with the Dirac
γa ({γa, γ˜b}+ = 0), defines the families of spinors. One finds [3]
{γa, γb}+ = 2ηab = {γ˜a, γ˜b}+, {γa, γ˜b}+ = 0,
Sab := (i/4)(γaγb − γbγa), S˜ab := (i/4)(γ˜aγ˜b − γ˜bγ˜a), {Sab, S˜cd}− = 0. (4)
The eight massless families (2(1+7)/2−1) manifest after the break of SO(1, 7) to SO(1, 3)×SO(4) (the
break occurs in both sectors, Sab and S˜ab) as twice four families: Four of the families are doublets
with respect to two of the four SU(2) invariant subgroups of the groups SO(4) × SO(1, 3) in the
S˜ab sector (namely, with respect to the subgroups with the infinitesimal generators ~˜τ2 and ~˜NR)
and singlets with respect to the remaining two SU(2) invariant subgroups (with the infinitesimal
generators ~˜τ1 and ~˜NRL), while the remaining four families are singlets with respect to the first two
and doublets with respect to the remaining two invariant subgroups. At the symmetry level of
SO(1, 3)×SU(2)I ×SU(2)II ×U(1)II ×SU(3) twice four families are massless, the mass matrices
M of any family member is equal to zero.
The break of SU(2)II × U(1)II to U(1)I in both, Sab and S˜ab, sectors is caused by the scalar
fields ~˜A2s and
~˜AN˜Rs [17], which gain nonzero vacuum expectation values and determine the mass
matrices M(o) (Eq. 12) on the tree level. Only families which couple to these scalar fields become
massive. These are four families, which are doublets with respect to the subgroups with generators
of the infinitesimal transformations ~˜τ (2) (= 12(S˜
58 + S˜67, S˜57− S˜68, S˜56 + S˜78)) and ~˜NR (= 12(S˜23−
iS˜01, S˜31 − iS˜02, S˜12 − iS˜03)).
The rest four families, which are singlets with respect to these two subgroups, remain massless
until the second break of SU(2)I × U(1)I to U(1), in which the scalar fields ~˜A1s and ~˜AN˜Ls gain
nonzero vacuum expectation values. These scalar fields couple to the rest four families through
~˜τ (1) (= 12(S˜
58−S˜67, S˜57+S˜68, S˜56−S˜78)) and ~˜NL (= 12(S˜23+iS˜01, S˜31+iS˜02, S˜12+iS˜03)). To this,
5the electroweak break, also scalar fields in the Sab sector contribute. These fields - AQs , A
Q′
s , AY
′
s
- couple to the family members through the quantum numbers Q,Q′ and Y ′, respectively. While
~˜τ (2) , ~˜τ (1) , ~˜NR and
~˜NL distinguish among the families, but not among the family members, distin-
guish Q,Q′ and Y ′ among the family members independent of the family index.
After the break of SU(2)II × U(1)II × SU(2)I × SU(3) into SU(2)I × U(1)I × SU(3) the
effective Lagrange density for spinors is as follows
Lf = ψ¯ (γm p0m − M)ψ ,
p0m = pm − {g1 ~τ1 ~A1m + gY Y AYm + g3 ~τ3 ~A3m
+ g2 cos θ2 Y
′AY
′
m +
g2√
2
(τ2+A2+m + τ
2−A2−m ) }
ψ¯ M ψ = ψ¯γs p0s ψ ,
p0s = ps − {g˜N˜R ~˜NR ~˜AN˜Rs + g˜Y˜
′
Y˜ ′A˜Y˜
′
s +
g˜2√
2
(τ˜2+ A˜2+s + τ˜
2− A˜2−s ) } . (5)
In the second row the vector gauge fields which remain massless ( ~A1m, A
Y
m and
~A3m) and in the
third row the massive gauge fields (AY
′
m and A
2±
m ) are presented. To the mass matrices of the
upper four families ψ¯ Mψ the vacuum expectation values of the scalar fields ~˜AN˜Rs , A˜
Y˜ ′
s and A˜
2±
s ,
together with the corresponding vielbeins with the scalar index, contribute. The new and the
old gauge fields are related as follows: A23m = A
Y
m sin θ2 +A
Y ′
m cos θ2 , A
4
m = A
Y
m cos θ2 −AY
′
m sin θ2 ,
A2±m =
1√
2
(A21m∓iA22m ) , with the new quantum numbers Y = τ4+τ23, Y ′ = τ23−τ4 tan2 θ2, τ2± =
τ21± iτ22 and the new coupling constants of fermions to the massive gauge fields and the massless
one become gY = g4 cos θ2, g
Y ′ = g2 cos θ2, tan θ2 =
g4
g2
, while A2±m have a coupling constant
g2√
2
.
The new and the old scalar fields are related as: A˜23s = A˜
Y˜
s sin θ˜2 + A˜
Y˜ ′
s cos θ˜2 , A˜
4
s = A˜
Y˜
s cos θ˜2−
A˜Y˜
′
s sin θ˜2 , A˜
2±
s =
1√
2
(A˜21s ∓ iA˜22s ) , while it follows ~˜A2s = 2(ω˜58s, ω˜57s, ω˜56s). We shall make a
choice in this paper of θ˜2 = 0. We also have
~˜AN˜Rs = 2(ω˜23s, ω˜31s, ω˜12s) , and
~˜NR =
1
2 (S˜
23 −
iS˜01, S˜31 − iS˜02, S˜12 − iS˜03), for s = 7, 8. The new family quantum numbers are Y˜ = τ˜4 + τ˜23,
Y˜ ′ = τ˜23 − τ˜4 tan2 θ˜2, τ˜2± = τ˜21 ± iτ˜22.
The reader is kindly asked to look at the ref. [3] for more explanations.
We present in Table I (from Table VIII. of the ref. [3]) a general shape of mass matrices
of all the eight families on the tree level after the break of SO(2)II × U(1)II into U(1)I . The
lower four families stay massless. The u-quark mass matrices (they are determined by ~˜AA˜− =
~˜AA˜7 + i
~˜AA˜8 , for A˜ = 2, 1, N˜R, N˜L) are different than the d-quark ones (they are determined by
~˜AA˜+
= ~˜AA˜7 − i ~˜AA˜8 ) and e mass matrices differ from the ν ones, while mass matrices for quarks and
leptons are identical (ref.[3], they are the same for u-quarks and neutrinos, and for d quarks and
6Σi I1 I2 I3 I4 II1 II2 II3 II4
I1 0 0 0 0 0 0 0 0
I2 0 0 0 0 0 0 0 0
I3 0 0 0 0 0 0 0 0
I4 0 0 0 0 0 0 0 0
II1 0 0 0 0 − 12 (a˜23± + a˜
N˜3R± ) −a˜N˜
−
R± 0 −a˜2−±
II2 0 0 0 0 −a˜N˜
+
R±
1
2 (−a˜23± + a˜
N˜3R± ) −a˜2−± 0
II3 0 0 0 0 0 −a˜2+± 12 (a˜23± − a˜
N˜3R± ) −a˜N˜
−
R±
II4 0 0 0 0 −a˜2+± 0 −a˜N˜
+
R±
1
2 (a˜
23
± + a˜
N˜3R± )
TABLE I: The mass matrices on the tree level (M(o)) for two groups (Σ = II for the upper four, while Σ = I
for the lower four) families of quarks and leptons after the break of SO(1, 3)×SU(2)I ×SU(2)II ×U(1)II ×
SU(3) to SO(1, 3) × SU(2)I × U(1)I × SU(3). The contribution comes from a particular superposition of
spin connection fields, the gauge fields of S˜ab. (∓) distinguishes ui from di and νi from ei.
electrons. The contribution of the scalar fields causing the Majorana right handed neutrinos (see
appendix A) is not added in this table. The contributions below the tree level change the matrix
elements and remove the degeneracy between the u-quarks and neutrinos as well as between the
d-quarks and electrons. It is expected that they will not appreciably change the symmetry of the
matrix elements on the tree level. We shall discuss this in the next section.
To the electroweak break, when SU(2)I × U(1)I breaks into U(1), besides the scalar fields
originating in vielbeins and in superposition of spin connection fields of S˜ab (the ones, which are
orthogonal to the ones causing the first break), also the scalar fields originating in spin connections
of Sab contribute: AQs , A
Q′
s and AY
′
s . The three additional gauge fields and the lower four families
become massive.
The new superposition of gauge fields ~A1m and A
Y ′
m manifest (ref. [3]) leading to one massless
Am (≡ AQm) and three massive gauge fields AQ
′
m (≡ Zm), A±m (≡W±m).
7The effective Lagrange density for spinors is after the electroweak break as follows
Lf = ψ¯ (γm p0m − M)ψ ,
p0m = pm − {eQAm + g1 cos θ1Q′ ZQ′m +
g1√
2
(τ1+W 1+m + τ
1−W 1−m ) +
+ g2 cos θ2 Y
′AY
′
m +
g2√
2
(τ2+A2+m + τ
2−A2−m ) ,
ψ¯ M ψ = ψ¯ γs p0sψ
p0s = ps − {g˜N˜R ~˜NR ~˜AN˜Rs + g˜Y˜
′
Y˜ ′ A˜Y˜
′
s +
g˜2√
2
(τ˜2+ A˜2+s + τ˜
2− A˜2−s )
+ g˜N˜L ~˜NL
~˜AN˜Ls + g˜
Q˜′ Q˜′ A˜Q˜
′
s +
g˜1√
2
(τ˜1+ A˜1+s + τ˜
1− A˜1−s )
+ eQAs + g
1 cos θ1Q
′ ZQ
′
s + g
2 cos θ2 Y
′AY
′
s } , s ∈ {7, 8} . (6)
The reader is kindly asked to learn how does the operators (
78
(−) transform the weak and the
hyper charge of the right handed uR-quark and νR-lepton into those of the left handed ones, while
(
78
(+) does the same for the right handed dR-quark and eR-lepton, in the ref. [3]. One can learn
there also how do the operators N˜±R , N˜
±
L , τ˜
2± and τ˜1± transform any member of one family
into the same member of another family and what transformations cause any superposition of the
operators Sab or of the operators S˜ab on any family member of any family. A short presentation
of these properties is added in the appendix B.
The new fields manifest (A13m = Am sin θ1 + Zm cos θ1 , A
Y
a = Am cos θ1 − Zm sin θ1 , W±m =
1√
2
(A11m ∓ iA12m )), with the new quantum numbers (Q = τ13 + Y = S56 + τ4, Q′ = −Y tan2 θ1 +
τ13, τ1± = τ11 ± i τ12 and the new coupling constants (e = gY cos θ1 (≡ gQ), g′ = g1 cos θ1
(≡ gQ′) and tan θ1 = gYg1 ), are in agreement with the standard model. Correspondingly there are
new scalar field, new quantum numbers and new coupling constants.
But there are also clearly noticeable differences between the spin-charge-family-theory and the
standard model, presented in Eq. (6), which should be sooner or later measurable. Like: i.) The
scalar fields explaining the appearance i.a.) of the Higgs in the standard model, in the spin-charge-
family-theory with weak and hyper charges in the adjoint representation since γs do what in the
standard model the weak and hyper charge of the Higgs do, and i.b.) of the Yukawa couplings,
which manifest here as new interactions (but this is the case also in the standard model). The scalar
fields should be measured as several fields, although they effectively manifest as Higgs and Yukawa
couplings. ii.) New gauge vector fields AY
′
m , A
2±
m . ii.) New families predicted. iii.) New gauge
scalar fields for the upper four families. iv.) New insight into the discrete symmetries, like charge
conjugation, parity, charge parity (non conserved) symmetry, matter/anti-matter asymmetry and
8others.
The scalar fields ~˜AA˜s , s ∈ {7, 8}, which gain in this phase transition a nonzero vacuum
expectation values, are: ~˜AN˜Ls (=
1
2 (ω˜23s − i ω˜01s, ω˜31s − i ω˜02s, ω˜12s − i ω˜03s), ~˜A1s (again ex-
pressible with ω˜abs, s ∈ {7, 8, 9, 10}, transforming as follows A˜13s = A˜s sin θ˜1 + Z˜Q˜
′
s cos θ˜1
(Z˜Q˜
′
s ≡ A˜Q˜
′
s , A˜s ≡ A˜Q˜s ) , A˜Y˜s = A˜s cos θ˜1 − Z˜Q˜
′
s sin θ˜1 , W˜
±
s =
1√
2
(A˜11s ∓ iA˜12s ) ( W˜±s ≡
A˜1±s ), and A
Q
s (≡ As), AQ
′
s (≡ ZQ
′
s ), AY
′
s , with Q,Q
′ and Y ′ defined above and with ~˜N(L,R) =
(12(S˜
23 (+,−)iS˜01, S˜31 (+,−)iS˜02, S˜12 (+,−)iS˜03).
Let us point out again that the upper four families are singlets with respect to ~˜NL and ~˜τ
1, while
the lower four families are singlets with respect to ~˜NR and ~˜τ
2. At each break the mass matrices
on the tree level M(0) change.
Table II represents the mass matrices for the lower four families on the tree level. Only the
contribution of the scalar fields which originate in the gauge fields of S˜ab are included into the
table. The contribution from terms like QeAQs , gQ
′
Q′AQ
′
s , gY
′
Y ′AY ′s , which are diagonal and
equal for all the families but distinguish among the members of one family, are not present. The
contribution of the scalar fields causing the Majorana right handed neutrinos (see appendix A) is
also not added in this table.
The notation a˜A˜i± = −g˜A˜ A˜A˜i± is used.
There is a mass term within the spin-charge-family-theory, which transform the right handed
neutrino to his charged conjugated one, contributing to the (right handed) neutrino Majorana
masses. The Majorana terms are expected to be large and might influence strongly the neutrino
masses and their mixing matrices. The reader can find more explanation about this term in ref. [3]
and in appendix A. Let us add here, that it is nonzero only for the lower four families. It needs to
be studied in more details to say more. These terms are not yet included into Table II.
We present in Table III the quantum numbers τ˜23, N˜3R , τ˜
13 and N˜3L for all eight families [3].
The first four families are singlets with respect to τ˜23 and N˜3R , while they are doublets with respect
to τ˜13 and N˜3L. The upper four families are doublets with respect to τ˜
23 and N˜3R and are singlets
with respect to τ˜13 and N˜3L. The representations of families in the technique of the ref. [9] are
presented in appendix B, in Table VI.
In Table IV we present quantum numbers of all members of a family, any one, after the elec-
troweak break.
When going below the tree level all the massive gauge fields and those scalar fields of both
origins, (Sab and S˜ab), to which the family members couple, start to contribute. To the lower four
families mass matrices the scalar fields, which are superposition of the ωsts′ field, that is of A
Q
s , A
Q′
s
9Ii 1 2 3 4
1 − 12 (a˜13± + a˜
N˜3L± ) a˜
N˜−L± 0 a˜
1−
±
2 a˜
N˜+L±
1
2 (−a˜13± + a˜
N˜3L± ) a˜
1−
± 0
3 0 a˜1+±
1
2 (a˜
13
± − a˜N˜
3
L± ) a˜
N˜−L±
4 a˜1+± 0 a˜
N˜+L±
1
2 (a˜
13
± + a˜
N˜3L± )
TABLE II: The mass matrices on the tree level (M(o)) for the lower four families (Σ = I) of quarks
and leptons after the electroweak break. Only the contributions coming from the spin connection fields,
originating in S˜ab are presented. (∓) distinguishes between the values of the u-quarks and d-quarks and
between the values of ν and e. The notation a˜A˜i± = −g˜A˜ A˜A˜i± is used. The terms coming from spin connection
fields originating in Sss
′
are not presented here. They are the same for all the families, but different for
different family members. Also possible Majorana terms are not included.
Σ = I/i τ˜23 N˜3R τ˜
13 N˜3L Σ = II/i τ˜
23 N˜3R τ˜
13 N˜3L
1 0 0 12
1
2 1
1
2
1
2 0 0
2 0 0 12 − 12 2 12 − 12 0 0
3 0 0 − 12 − 12 3 − 12 − 12 0 0
4 0 0 − 12 12 4 − 12 12 0 0
TABLE III: The quantum numbers τ˜23, N˜3R , τ˜
13 and N˜3L for the two groups (Σ = II for the upper four
families and Σ = I for the lower four families) of four families are presented [3].
and AY
′
s , contribute already on the tree level. This was not the case for the upper four families.
Contributions of QAQs , Q′AQ
′
s and Y ′AY
′
s distinguish among all the members of one family, but
are the same for a family member belonging to different families. They influence after the second
break also the mass matrices of the upper four families. Below the tree level all the gauge fields and
dynamical scalar fields start to contribute coherently, as dictated by Eq. (6). These contributions
Y Y ′ Q Q′ Y Y ′ Q Q′
uR
2
3
1
2 (1− 13 tan2 θ2) 23 − 23 tan2 θ1 uL 16 − 16 tan2 θ2 23 12 (1− 13 tan2 θ1)
dR − 13 − 12 (1 + 13 tan2 θ2) − 13 13 tan2 θ1 dL 16 − 16 tan2 θ2 − 13 − 12 (1 + 13 tan2 θ1)
νR 0
1
2 (1 + tan
2 θ2) 0 0 νL − 12 12 tan2 θ2 0 0
eR −1 12 (−1 + tan2 θ2) −1 tan2 θ1 eL − 12 12 tan2 θ2 −1 − 12 (1− tan2 θ1)
TABLE IV: The quantum numbers Y, Y ′, Q,Q′ of the members of one family (anyone) [3].
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are expected to be large for the lower four families, while they influence, since the scale of these
two breaks are supposed to be very different, only slightly the upper four family mass matrices.
According to the estimations presented in refs. ([3, 6]) the changes are within a percent or much
less if the masses are large enough (of the order of hundred TeV/c2 or larger).
We study in this paper properties of both groups of four families, taking the vacuum expectation
values of the scalar fields as an input. As we already explained, in the spin-charge-family-theory the
mass matrices of the family members are within each of the two groups very much correlated. It is
the prediction of this theory [3] that there are terms beyond the tree level, which are responsible
for the great differences in properties of the family members for the observed three families. It is
a hope [3] that the mass matrices can be expressed as follows
M =
∞∑
k=0,k′=0,k”=0
QkQ′k
′
Y ′k”MQQ′ Y ′ kk′k” , (7)
where Q,Q′ and Y ′ are the operators while the matrices MQ′Y ′ kk′ do not, hopefully, depend on
the family member, that is that they might be the same for all the members of one family. To
neutrino an additional mass matrix might be added, which is zero for all the other family members
if the Majorana contribution is taken into account.
While for the lower four families the contributions which depend on Q,Q′ (and Y ′) quantum
numbers of each of a family member are expected to be large, this should not be the case for the
upper four families (in comparison with the contributions on the tree level).
In the next section we present the loop contributions to the three level mass matrices. The
contributions originate in two kinds of scalar fields, namely in ω˜abs and in ωstt′ , and in the massive
gauge fields and affect both groups of four families. First we analyse the effect of one and two loops
corrections for the case, that each of four families would decouple into twice 2× 2 mass matrices,
under the assumption that the lower two families of each group of four families weakly couple to
the upper two families of the same group. This assumption seems meaningful from the point of
view of mass matrices on the tree level, presented on tables I, II, as well as from the experimental
data for the lower three families. The measured values of the mixing matrices for the observed
families supports such an assumption for quarks, but not for leptons. We neglect accordingly for
this first step the nonzero mass matrix elements between the lower and the upper two families for
each group. We then proceed to take into account one loop corrections for all four families of each
of the two groups.
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III. MASS MATRICES BEYOND THE TREE LEVEL
It is the purpose of this section (and also of this paper) to manifest that, although in the spin-
charge-family-theory the matrix elements of different family members are within each of the two
groups of four families on the tree level very much correlated, the loop corrections lead to mass
matrices, which manifest great differences in properties of the lowest three families.
We show that the one loop corrections originating in the massive gauge fields change masses of
families, while they leave mixing matrices unchanged. One loop corrections originating in dynam-
ical scalar fields change both, masses and mixing matrices.
Let us repeat the assumptions [3]: i. In the break from SU(2)I ×SU(2)II ×U(1)II to SU(2)I ×
U(1)I the superposition of the ω˜abs scalar fields which are the gauge fields of ~˜τ
2 and ~˜NR gain
non zero vacuum expectation values, causing nonzero mass matrices for fermions. The lower four
families, which do not couple to these scalar fields, remain massless. ii. In the electroweak break the
superposition of the ω˜abs scalar fields which are the gauge fields of ~˜τ
1 and ~˜NL, and the superposition
of scalar fields ωabs which are the gauge fields of Q, Q
′ and Y ′ gain nonzero vacuum expectation
values. (While the scalar gauge fields of Q, Q′ and Y ′ influence masses of all the eight families,
the scalar gauge fields of ~˜τ1 and ~˜NL influence only the lower four families.) iii. There is also
a term in loop corrections of a very special products of superposition of ωabs, s = 5, 6, 9, · · · , 14
and ω˜abs , s = 5, 6, 7, 8 scalar fields, which couple only to the right handed neutrinos and their
charge conjugated states of the lower four families, which might change drastically the properties
of neutrinos of the lower four families.
Let us clarify the notation. We have before the two breaks two times (Σ ∈ {II, I}, II denoting
the upper four and I the lower four families) four massless vectors ψαΣ(L,R) for each member of a
family α =∈ {u, d, ν, e}. Let i, i ∈ {1, 2, 3, 4} , denotes one of the four family members of each of
the two groups of massless families(
ψαΣ(L,R)
)T
= (ψαΣ 1, ψ
α
Σ 2, ψ
α
Σ 3, ψ
α
Σ 4)(L,R) . (8)
Hence, we have for the lowest four families (Σ = I) and the u family member (α = u)(
ψuI(L,R)
)T
= (u, c, t, u4)(L,R) ,
u4 to be recognized as the new, that is the fourth family member. We then have
ψ
u
I LMu I(o) ψuI R = ψ
u
I L iMu I(o) ij ψuI R j . (9)
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Let ΨαΣ(L,R) be the final massive four vectors for each of the two groups of families, with all loop
corrections included
ψαΣ (L,R) = V
α
Σ Ψ
α
Σ (L,R) ,
V αΣ = V
α
Σ (o) V
α
Σ (1) · · ·V αΣ (k) · · · . (10)
Then Ψ
α (1)
Σ (L,R) includes one loop corrections and Ψ
α (k)
Σ(L,R) up to (k) loops corrections
V αΣ (o) Ψ
α (o)
Σ (L,R) = ψ
α
Σ (L,R) ,
V αΣ (o) V
α
Σ (1) · · ·V αΣ (k) Ψα (k)Σ(L,R) = ψαΣ(L,R) . (11)
From the starting action the mass matrices on the tree level follow as presented in Tables (I,
II). Not being able (yet) to calculate these matrix elements, we take them as parameters. Not (yet)
paying attention to the CP non conservation, we assume in this paper that mass matrices are real
and symmetric.
We calculate in this paper one and for a simplified version of two decoupled 2× 2 families of a
four family group two loops corrections to the tree level mass matrices.
The mass matrices, originating in the vacuum expectation values of the scalar fields which
are superposition of ω˜abd fields (appearing as g˜
N˜R ~ˆ˜NR
~˜AN˜Rs , g˜
Y˜ ′ ˆ˜Y ′ A˜Y˜ ′s ,
g˜2√
2
ˆ˜τ2± A˜2±s , g˜N˜L
~ˆ˜NL
~˜AN˜Ls ,
g˜Q˜
′ ˆ˜
Q′ A˜Q˜
′
s ,
g˜1√
2
ˆ˜τ1± A˜1±s , the reader can find the application of these operators on family members
in appendix D), are in this paper assumed to be real and symmetric. On the tree level they manifest
as the two by diagonal 4× 4 matrices with the symmetry on the tree level presented bellow
M(o) =

−a1 e 0 b
e −a2 b 0
0 b a1 e
b 0 e a2
 , (12)
with the matrix elements a1 ≡ aΣ± 1, a2 ≡ aΣ±2, b ≡ bΣ± and e ≡ eΣ±, which are different for the upper
(Σ = II) than for the lower (Σ = I) four families
a1 =
1
2
(a˜3± − a˜N˜3± ) , a2 =
1
2
(a˜3± + a˜
N˜3
± ) , b = a˜
+
± = a˜
−
± , e = a˜
N˜+
± = a˜
N˜−
± . (13)
The matrix elements for the upper four families (Σ = II) are: a˜3± = a˜23± , a˜N˜3± = a˜
N˜R3± , a˜
±
± =
a˜21± ± i a˜22± , a˜N˜±± = a˜N˜R1± ± i a˜N˜R2± . For the lower four families (Σ = I ) we must take a˜3± = a˜13± ,
a˜N˜3± = a˜
N˜L3± , a˜
±
± = a˜11± ± i a˜12± , a˜N˜±± = a˜N˜L1± ± i a˜N˜L2± . (±) in the denominator distinguishes between
13
Σ α
II (u, ν) a˜N˜R3− a˜
N˜R±− a˜
23
− a˜
2±
− a
Q
− a
Q′
− a
Y ′
−
II (d, e) a˜N˜R3+ a˜
N˜R±
+ a˜
23
+ a˜
2±
+ a
Q
+ a
Q′
+ a
Y ′
+
I (u, ν) a˜N˜L3− a˜
N˜L±− a˜
13
− a˜
1±
− a
Q
− a
Q′
− a
Y ′
−
I (d, e) a˜N˜L3+ a˜
N˜L±
+ a˜
13
+ a˜
1±
+ a
Q
+ a
Q′
+ a
Y ′
+
TABLE V: The parameters entering into the tree level mass matrices are presented. The notation a˜A˜i± =
−g˜A˜ A˜A˜i± (staying for −g˜N˜R A˜N˜Ri± , −g˜2 A˜2i± , −g˜N˜L A˜N˜Li± , −g˜1 A˜1i± ), aQ∓ = gQAQ∓ aQ∓ = gQ
′
AQ
′
∓ , a
Y ′
∓ =
gY
′
AY
′
∓ is used.
the matrix elements for the pair (d and e) (+) and the pair (u and ν) (−). ψ¯Mψ in Eq. (1) can,
namely, be expressed as
ψ¯Mψ =
∑
s=7,8
ψ¯γs p0s ψ = ψ
† γ0 (
78
(−) p0−+
78
(+) p0+)ψ ,
78
(±) = 1
2
(γ7 ± i γ8) ,
p0± = (p07 ∓ i p08) , s ∈ {7, 8}. (14)
The reader is kindly asked to learn how do the operators (
78
(∓), any superposition of the operators
Sab, or any superposition of the operators S˜ab) apply on any family member of any family in the
ref. [3] and in the appendix B, where a short presentation of these properties is made.
To the tree level contributions of the scalar ω˜ab± fields, diagonal matrices have to be added,
the same for all the eight families and different for each of the family member (u, d, ν, e), a∓ ≡ aα∓,
which are the tree level contributions of the scalar ωsts′ fields
a∓ = eQA∓ + g1 cos θ1Q′ Z
Q′
∓ + g
2 cos θ2 Y
′AY
′
∓ . (15)
Q,Q′ and Y ′ stay for the eigenvalues of the operators Qˆ, Qˆ′ and Yˆ ′ of the right handed α member
of any of the families [18]. Therefore, the tree level mass matricesMαΣ(o) are different for the upper
(Σ = II) than for the lower (Σ = I) four families and they are also different for the pairs of (d,
e) and (u, ν), but are the same for u and ν and for d and e before adding aα∓ I8×8 , which is
different for each family member. The matrices Mα are indeed 8×8 matrices with two by diagonal
4× 4 matrices also after the loops corrections included. The parameters Eq. (13), which enter into
the tree level mass matrices after the assumptions explained at the beginning of this section, are
presented in Table V.
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On the tree level we have
Mα(o) =
Mα II(o) 0
0 Mα I(o)
 . (16)
Since the upper and the lower four family mass matrices appear at two completely different scales,
determined by two orthogonal sets of scalar fields, have the two tree level mass matricesMαΣ(o) very
little in common, only the symmetries and the contributions from Eq. (15).
On the tree level we have ψαΣ (L,R) = V
α
Σ (o) Ψ
α (o)
Σ (L,R) and
< ψαΣ L|γ0MαΣ(o) |ψαΣR >=< Ψα (o)Σ L |γ0 V α †Σ (o)MαΣ(o) V αΣ(o) |Ψ
α (o)
ΣR (o) >, (17)
from where the tree level mass eigenvalues follow
MαΣ(o)D = V α †Σ (o)MαΣ(o) V αΣ (o) = diag(mαΣ(o) 1,mαΣ(o) 2,mαΣ(o) 3,mαΣ(o) 4). (18)
The one loop corrections leads to ψαΣ (L,R) = V
α
Σ (o) Ψ
α (o)
Σ (L,R) = V
α
Σ (o) V
α
Σ (1) Ψ
α (1)
Σ (L,R) and MαΣ(o 1)
include all the one loop corrections evaluated among the massless states, so that
< ψαΣL|γ0MαΣ(o 1) |ψαΣR >=< Ψα (o)ΣL |γ0 V α †Σ (o)MαΣ(o 1) V αΣ (o) |Ψ
α (o)
ΣR > . (19)
The mass matrix including up to one loop corrections is
MαΣ(1) = V α †Σ (o)MαΣ(o 1) V αΣ (o) +MαΣ(o)D = V α †Σ (o) (MαΣ(o 1) +MαΣ(o) )V αΣ (o) . (20)
Thus the contribution up to one loop is < Ψ
α (o)
ΣL |γ0 V α †Σ (o) (MαΣ(o 1) +MαΣ(o) ))V αΣ (o) |Ψ
α (o)
ΣR >, which
can be written as
< ψαΣL|γ0 (MαΣ(o 1) +MαΣ(o) ) |ψαΣR >=
< Ψ
α (1)
ΣL |γ0 (V αΣ (o) V αΣ (1))† (MαΣ(o 1) +MαΣ(o) )V αΣ (o) V αΣ (1)|Ψα (1)ΣR > , (21)
with V αΣ (1) which is obtained from
MαΣ(1)D = V α †Σ (1)
[
V α †Σ (o) (MαΣ(o 1) +MαΣ(o) )VαΣ (o)
]
V αΣ (1) =
diag(mαΣ(1) 1,m
αΣ
(1) 2,m
αΣ
(1) 3,m
αΣ
(1) 4) , (22)
with mαΣ(1) i, i ∈ {1, 2, 3, 4} , the mass eigenvalues, which include one loop corrections.
Taking into account corrections up to (k) loops, we have
< ψαΣL|γ0 (MαΣ(o k) + · · ·+MαΣ(o 1) +MαΣ(o) ) |ψαΣR >=
< Ψ
α (k)
ΣL |γ0 (V αΣ (o) V αΣ (1) · · ·V αΣ (k))† (Mα±(o k) + · · ·
+MαΣ(o 1) +MαΣ(o) ) V αΣ (o) V αΣ(1) · · ·V αΣ (k) |Ψα (k)ΣR > . (23)
15
V αΣ (k) follows from
MαΣ(k)D = V α †Σ (k) [V α †Σ (k−1) . . .
V α †Σ (1) V
α †
Σ (o) (MαΣ(o k) + · · ·+MαΣ(o 1) +MαΣ(o) )V αΣ (o) V αΣ (1) · · ·V αΣ (k−1) ]V αΣ (k)
= diag(mαΣ(k) 1, · · ·mαΣ(k) 4), (24)
with mαΣ(k) i, i ∈ {1, 2, 3, 4} , the mass eigenvalues of the states, which take into account up to (k)
loops corrections.
In what follows we shall use the indices Σ and α only when we explicitly calculate mass matrices
for a particular group of families and for a particular member, otherwise we shall assume that both
indices are all the time present and we shall skip both. Eq.(18) will, for example, accordingly read
M(o)D = V †(o)M(o) V(o) = diag(m(o) 1,m(o) 2,m(o) 3,m(o) 4) , (25)
with the indices Σ and α assumed, but not written. Similarly Eq. (10) reads
ψ(L,R) = V Ψ(L,R) ,
V = V(o) V(1) · · · V(k) · · · , (26)
connecting the massless ψ and the massive Ψ with all the loop corrections included. In our case,
since M(o) are in this paper assumed to be real and symmetric, V †(o) = V T(o).
Loop corrections (with the gauge and dynamical scalar fields contributing coherently) are ex-
pected to cause differences in mass matrices among the family members of the lower four families,
and will hopefully explain the experimental data for the so far observed three families of quarks
and leptons. The differences among the family members of the upper four families are expected to
be small even after taking into account loop corrections, since the contributions to the loop cor-
rections, which distinguish among family members, originate in the ωsta dynamical massive fields,
the scalar and vector ones, whose masses can only be of the order of the electroweak scale and this
is expected to be for orders of magnitude smaller than the scale of the break of symmetry which
brings masses to the upper four families. The only exception is τ2iA2im.
The contribution which transforms the right handed neutrino into his charged conjugate one,
influences only the lower four families, because, by the assumption, the superposition of the ω˜abs
fields couple only to the lower four families [3]. A short explanation is presented in appendix A.
In appendix B the matrixM(o) (Eq.(12)) is diagonalized for a general choice of matrix elements,
assuming that the matrix is real and symmetric, with the symmetry on the tree level as presented
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in Eq.(12). A possible non hermiticity of the mass matrices on the tree level is neglected. The
diagonalizing matrix is presented.
In the ref. [5] the authors, assuming that loop corrections (drastically) change mass matrix
elements as they follow on the tree level from the spin-charge-family-theory, keep the symmetries
of mass matrices as dictated by the spin-charge-family-theory on the tree level and fit the mass
matrix elements for the lower four families to existing experimental data for a particular choice of
masses of the fourth family members.
In this paper we make one loop corrections to the tree level mass matrices, demonstrating that
loop corrections may contribute to the tree level mass matrices to the experimentally acceptable
direction.
We calculate loop corrections originating in two kinds of the scalar dynamical fields, those
originating in ω˜abs (g˜
Y˜ ′ Y˜ ′ A˜Y˜ ′s ,
g˜2√
2
τ˜2± A˜2±s , g˜N˜L,R
~˜NL,R
~˜A
N˜L,R
s , g˜Q˜
′
Q˜′ A˜Q˜
′
s ,
g˜1√
2
τ˜1± A˜1±s ) and
those originating in ωabs (eQAs , g
1 cos θ1Q
′ ZQ
′
s , gY
′
Y ′AY ′s ) and in the massive gauge fields
(g2 cos θ2 Y
′AY ′m , g1 cos θ1Q′ Z
Q′
m ) as it follow from Eq.(6).
In appendix C the corresponding loop corrections are calculated in a general form, which enables
to distinguish among members of the scalar fields of both kinds and of the massive gauge fields.
The corresponding loop diagrams are presented in Figures 1,2,3.
Fig. 1 shows the one loop diagram for the contribution of the terms, either (−γ0
78
(∓) g˜2√
2
ˆ˜τ2±
A˜2±∓ ) or (−γ0
78
(∓) g˜N˜R√
2
ˆ˜N±R A˜
N˜R±∓ ), both presented in Eq.(6), when the upper four families are
treated. For the lower four families the same diagram shows the one loop corrections induced by
either (−γ0
78
(∓) g˜1√
2
ˆ˜τ1± A˜1±∓ ) or (−γ0
78
(∓) g˜N˜L√
2
ˆ˜N±L A˜
N˜L±∓ ), Eq.(6). These fields couple the family
members as it is presented in Tables (I, II) and demonstrated in the diagram
~˜NL↔I4 I3
I1 I2
l ~˜τ1 ,
~˜NR↔II4 II3
II1 II2
l ~˜τ2 . (27)
The term (−γ0
78
(−) g˜2√
2
ˆ˜τ2− A˜2−− ) applies to u-quarks [ν-leptons], transforming the eighth family
right handed u-quark [ν-lepton] (II4 in the right diagram of Eq.(27)) into the fifth left handed
one (II1 in Eq.(27)) and the seventh family right handed u-quark [ν-lepton] (II3) into the sixth
family left handed one (II2), for example. While the term (−γ0
78
(−) g˜N˜R√
2
ˆ˜N−R A˜
N˜R−− ) transforms
the eighth family right handed u-quark [ν-lepton] (II4 in the right diagram of Eq.(27)) into the
seventh left handed one (II3 in Eq.(27)) and the sixth family right handed u-quark [ν-lepton]
(II2 in Eq.(27)) into the fifth family left handed on (II1) and equivalently for the lower four
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FIG. 1: One loop contributions originating in A˜± scalar fields, where A˜± stays for A˜2±± or A˜
N˜R±± when the
upper four families are treated, while it stays for A˜1±± or A˜
N˜L±± when the lower four families are treated.
Each of the massless states ψi(R,L) in the figure, staying instead of ψ
α
Σ(R,L)i where Σ = II determines
the upper four families group membership and Σ = I the lower four families group membership, should
correspondingly carry also the family member index α = (u, d, ν, e) the group family index Σ = II, I, where
II denotes the upper four and I for the lower four families, besides the family index i = (1, 2, 3, 4), which
distinguishes among the familes within each of the two groups.
families. That is, the term (−γ0
78
(−) g˜1√
2
ˆ˜τ1− A˜1−− ) transforms the fourth family right handed u-
quark [ν-lepton] (I4 in the left diagram of Eq.(27))) into the first left handed one (I1) and the
third family right handed u-quark [ν-lepton] (I3) into the second family left handed one (I2) . The
term (−γ0
78
(−) g˜N˜L√
2
ˆ˜N−L A˜
N˜L−− ) transforms correspondingly the fourth family right handed u-quark
[ν-lepton] (I4) into the third family left handed one (I3) .
Correspondingly Fig. 1 represents the one loop diagrams for the d-quark and e-leptons for either
the upper of the lower four families if (−γ0
78
(−) g˜A√
2
ˆ˜τA± A˜A±− ) (where index A denotes 2 or N˜R
for the upper four families, and ˆ˜τAi correspondingly ˆ˜τ2i and ˆ˜N iR, and 1 or N˜L for the lower four
families, and ˆ˜τAi correspondingly ˆ˜τ1i and ˆ˜N iL) is replaced by (−γ0
78
(+) g˜
A√
2
ˆ˜τA± A˜A±+ ), Eq. (6).
In Fig. 2 the terms which in the loop corrections contribute to diagonal matrix elements of
the u-quarks [ν-leptons] and d-quarks [e-leptons] of each of the four members of the upper four
and the lower four families are presented. Similarly as in Fig. 1, the terms (−γ0
78
(∓) g˜2 ˆ˜τ23 A˜23∓ )
and (−γ0
78
(∓) g˜N˜R N˜3R A˜
N˜3R∓ ), (Eq. (6)) contribute to the upper four families distinguishing among
families and among the family members pairs (u , ν), (−), and (d , e), (+), while the terms (−γ0
78
(∓)
g˜1 ˆ˜τ13 A˜13∓ ) and (−γ0
78
(∓) g˜N˜L ˆ˜N3L A˜
N˜3L∓ ) contribute to the mass terms of the lower four families.
The eigenvalues of the operators ˆ˜τ2 3, ˆ˜N3R,
ˆ˜τ1 3, and ˆ˜N3L are presented in Table III.
The same Fig. 2 represents also the one loop contribution of the dynamical scalar fields originat-
ing in Sab, namely of e QˆA∓ , g1 cos θ1 Qˆ′ Z
Q′
∓ and g2 cos θ2 Yˆ ′AY
′
∓ , ((−) for u-quarks and ν-leptons,
(+) for d-quarks and e-leptons), if these fields replace A˜3∓. These diagonal terms are the same for
all the four families of any of the two groups, but since the operators Qˆ, Qˆ′ and Yˆ ′ have different
eigenvalues on each of the family members (u, d, ν, e), Table IV, these matrix elements are different
for different family members.
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FIG. 2: One loop contributions originating in A˜3 scalar fields, where A˜3 stays for A˜23± or A˜
N˜R3± when the
upper four families are treated, while it stays for A˜13± or A˜
N˜L3± when the lower four families are treated.
The rest of comments are the same as in Fig. 1. Each of states carries also the family member index α,
the Σ index determining one of the two four families groups and the index i which distinguishes among the
families within each of the two groups of four families.
!! i
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FIG. 3: One loop contributions from the massive gauge vector fields AY
′
m and Z
Q′
m . Each of states carry in
addition to i, j = (1, 2, 3, 4), which distinguishes the four members of each of the two group of four families,
also the group index Σ = II, I, for the upper and the lower four families, respectively, and the family
member index α = (u, d, ν, e).
Fig. 3 represents the contribution of the massive gauge field AY
′
m , originating in the dynam-
ical part of the Lagrange density in Eq. (6) (g2 cos θ2 Yˆ ′AY
′
m ). Replacing A
Y ′
m by Z
Q′
m the same
figure represents also the contribution of the term g1 cos θ1 Qˆ′ Z
Q′
m , Eq. (6). Both contributions
distinguish among the family members and are the same for all the eight families. The quantum
numbers Q′ and Y ′ are presented in Table IV.
In all the loop corrections the strength of couplings ( g˜(2,1), g˜(N˜R,N˜L)), the application of the
operators (ˆ˜τ (2,1)i, ˆ˜N i(R,L)), as well as the masses of the dynamical fields playing, as usually, an
essential role, must be taken into account.
In appendix C the explicit evaluations of all the above discussed loop contributions are derived
in a general form, that is as functions of parameters which determine a particular contribution.
The influence of a particular contribution to the mass matrices, and accordingly also to mixing
matrices, depends strongly on whether the upper or the lower four families are concerned, on the
family members involved and on the family quantum number of states involved in the corrections.
The final mass matrices, manifesting the Lagrange density ψ† γ0 γs p0s ψ with one loop correc-
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tions to which the scalar dynamical and massive gauge fields contribute, have the shape, presented
in Eq. (21), (22), with VαΣ(1) which is obtained from Eq. (22), and which correspondingly deter-
mines mixing matrices with the one loop corrections included, for each of the two groups of four
families (Σ = II, I) and for each of the family member α ∈ {u, d, ν, e}. The graphic representation
of these loop corrections can be seen in Figs. (1, 2, 3).
MatricesMαΣ(1) =MαΣ(1) S˜+MαΣ(1)S +MαΣ(1)V are written in terms of the parameters presented in
Tables (V, VII) and used in Eqs. [(C7),(C8), (C12), (and (C26)], respectively, of appendix C.
The tree level masses (mαΣ(1) i, i ∈ {1, 2, 3, 4} ) and diagonalizing matrices (VαΣ (o)) are presented
in Eqs. (B3, B4) of appendix B as functions of parameters from Table V.
To the mass matrices up to one loop (Eqs.(20,C4)) contribute (Eq.(C10))
MαΣ(1) = M˜αΣ(1)S˜ +MαΣ(1)S +MαΣ(1)V +MαΣ(o)D ,
= V α †Σ(o) (M˜αΣ(o1)S˜ +MαΣ(o1)S +MαΣ(o1)V +MαΣ(o) )V αΣ(o) , (28)
where M˜αΣ
(1)S˜
are contributions of the scalar gauge fields originating in ω˜abs,MαΣ(1)S are contributions
from ωsts′ and MαΣ(1)V determine one loop corrections from the massive boson fields. The detailed
calculations are done in appendices (B,C). From Eqs. (C17, C16) one reads details for M˜αΣ
(1)S˜
=
V α †Σ(o) M˜αΣ(o 1)S˜ V αΣ(o) . Details about M˜αΣ(1)S = V
α †
Σ(o) M˜αΣ(o 1)S V αΣ(o) are written in Eq. (C24) and
details about M˜αΣ(1)V = V α †Σ(o) M˜αΣ(o 1)V V αΣ(o) are written in Eq. (C29).
To obtain masses and diagonalizing matrices for each family member α of both groups of families
Σ the diagonalization (Eq. (22)) must be performed.
IV. GENERAL PROPERTIES OF THE MASS MATRICES
All the expressions, needed for the evaluation of masses and diagonalizing matrices of each
family member α = (u , d , ν , e) for either the upper (Σ = II) or the lower (Σ = I) four families,
on the tree level or with the loop corrections included, are presented in appendices B and C.
The final mass matrix including one loop corrections is the sum of the three matrices presented
in Eqs. (C17), C24, C29 of appendix C. We take the mass matrix elements on the tree level as
well as the masses of the scalar and gauge fields as free parameters, fitting them to the existing
experimental data.
All the free parameters which determine the mass matrices on the tree level can be read from
Eqs. (13, 15) and in Table V. Since the contributions from the scalar fields ω˜abs to the tree level
mass matrix are the same for u-quark and ν-lepton and the same for d-quark and e-lepton, while
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they are different for each of these two pairs ( matrix elements of (u , ν) differ from those of (d , e)),
there are four free parameters due to these contributions and the additional three parameters which
originate in the scalar ωabs fields, all together therefore seven free parameters for each of the two
pairs on the tree level.
The loop corrections originate in massive fields, that is in dynamical scalar and vector boson
fields. The scalar fields g˜N˜R ~ˆ˜NR
~˜AN˜R∓ and g˜2 ~ˆ˜τ2
~˜A2∓ contribute to masses of the upper four families,
while g˜N˜L ~ˆ˜NL
~˜AN˜L∓ and g˜1 ~ˆ˜τ1
~˜A1∓ contribute to masses of the lower four families. On the other
side, the scalar fields contributions e QˆA∓ , gQ
′
Qˆ′ ZQ
′
∓ and gY
′
Yˆ ′AY ′∓ , and the gauge fields contri-
butions gY
′
Yˆ ′AY ′m and g
′
Qˆ′AQ
′
m ”see” only the family member index α and not the family index
i. Their masses and coupling constants are presented in Table VII of appendix C. We use their
masses as free parameters as well.
Since there is no experimental data for the upper four families, we can try to learn from the
proposed procedure by taking into account evaluations of properties for the fifth family quarks [6]
more about the mass differences of the family members of the upper four families.
A. Properties of the lower two families for each of the two groups of four families below the
tree level
We study the influence of one loop corrections on the mass matrices and mixing matrices of
quarks and leptons for the 2× 2 case, for a˜i+± = a˜i−± = 0, for i = (2, 1), i = 2 for Σ = II and i = 1
for Σ = I. This assumption seems acceptable as a first step for the lower group of four families,
while, since we have almost no knowledge about the upper four families (except rough estimations
evaluated when using the spin-charge-family-theory to explain dark matter content of our universe
and the direct measurements of the dark matter [6]), it is questionable for the upper group of four
families.
Taking the results from appendix B, Eq. (B10), which is applicable for either the upper or
the lower group of four families and for any family member, one recognizes that muΣ(o)2 −muΣ(o)1 =
mν Σ(o)2 −mνΣ(o)1 =
√
(a˜i3−)2 + (2 a˜
i+
− )2, i = (2, 1) , for Σ = (II, I), respectively, and mdΣ(o)2 −mdΣ(o)1 =
meΣ(o)2 −meΣ(o)1 =
√
(a˜i3+)
2 + (2 a˜i++ )
2, i = (2, 1) , for Σ = (II, I), respectively. This is in complete
disagreement with the experimental data for u-quarks and neutrinos of the lowest two of the
lower group of four families, and not so bad for d-quarks and electrons of the first two families,
where it almost works, as it is well known. We namely have [11] (ms −md) (= (md I(o)2 −md I(o)1))
= [ (101.0±25)−(4.1−5.8) ] MeV and (mµ−me) (= me I(o)2−me I(o)1) = [(105.65837)−(0, 5109989) ]
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MeV. It is therefore on the loop corrections to correct the disagreements.
For the lowest two families there are three matrix elements on the tree level (Eqs. (13,15)),
a1 (= −12(a˜3± − a˜N˜3± ) + a∓) , a2 (= −12(a˜3± + a˜N˜3± ) + a∓), with , a∓ = eQA∓ + g1 cos θ1Q′ ZQ
′
∓ +
g2 cos θ2 Y
′AY ′∓ , and e (= a˜N˜
+
± = a˜N˜
−
± ), which we shall take as free parameters. (The definition
of ai, i = 1, 2, is now slightly changed by taking into account contributions of Eqs. (13) and (15)).
B. Properties of the two groups of four families below the tree level
We study the influence of one and two loop corrections on the mass matrices and correspondingly
on masses and mixing matrices of quarks and leptons for the lower and the upper group of four
families (VI), taking as an input, that is as free parameters, the parameters from Tables V, VII.
The loop corrections due to two kinds of scalar fields and to massive gauge fields are presented in
Figs. (1, 2, 3).
The tree level mass matrices of each group after the electroweak break is presented in Eq. (B3).
The one loop contributions originating in the scalar fields ( g˜N˜R ~ˆ˜NR
~˜AN˜R∓ , g˜2 ~ˆ˜τ2
~˜A2∓ ) must be added
to the tree level mass matrices of the upper group of four families only, while those originating in
the scalar fields ( g˜N˜L ~ˆ˜NL
~˜AN˜L∓ , g˜1 ~ˆ˜τ1
~˜A1∓ ) contribute to mass matrices of the lower four families
only. Both are presented in appendix C in Eq. (C17).
The contributions of the scalar fields (e QˆA∓ , g1 cos θ1 Qˆ′ Z
Q′
∓ , g2 cos θ2 Yˆ ′AY
′
∓ ) are presented
in Eq.(C24), these ones contribute to both, the upper four and the lower four families. The
contributions to the upper four families is much weaker than to the lower four, due to much larger
tree level masses of the upper four families. The contributions depend on the family members
quantum numbers Q′ and Y ′ and due to
78
(∓) p0∓ distinguish also among (u, ν) and (d, e) pairs.
The massive gauge vector fields g1 cos θ1 Qˆ′ Z
Q′
m , g2 cos θ2 Yˆ ′AY
′
m contributions differ for different
members of a family as well. Their influence on the upper four and the lower four family members
depends again on the three level mass matrices. These contributions are presented in Eq.(C29).
V. DISCUSSION AND CONCLUSIONS
We analysed in this paper the properties of twice four families as they follow from the spin-
charge-family-theory when loop corrections, discussed in the ref. [3], are taken into account. Having
experimental results only for the lowest three of the lower four families, most discussions in this
paper concern the lower group of four families.
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In the spin-charge-family-theory [3] fermions carry two kinds of spin and correspondingly interact
with the two kinds of spin connection fields. One kind of spin determines at low energies, after
several breaks of the starting symmetry, the spin and the charges of fermions, the second kind
determines families.
After several breaks from SO(1, 13) to SO(1, 7) × U(1) × SU(3) and further to SO(1, 3) ×
SU(2)I ×SU(2)II ×U(1)II ×SU(3) there are eight massless families [19], which after the break to
SO(1, 3) × SU(2)I × U(1)I × SU(3) manifest as a massive and a massless group of four families.
Correspondingly, after this break (SU(2)II × U(1)II to U(1)I) also vector bosons involved in this
break, become massive. This break is (assumed to be) triggered by the superposition of the
scalar fields S˜ab ω˜abs, which are triplets with respect to the two SU(2) (with the generators of the
infinitesimal transformations ~ˆ˜NR and ~ˆ˜τ
2).
At the electroweak break (from SO(1, 3)×SU(2)I×U(1)I×SU(3) to SO(1, 3)×U(1)×SU(3))
the lowest four families become massive too, while staying decoupled from the upper four families.
The vector bosons involved in this break, become massive. This break is (assumed to be) triggered
by the superposition of the scalar fields ω˜abs, which are triplets with respect to the two SU(2)
(with the generators of the infinitesimal transformations ~ˆ˜NL and ~ˆ˜τ
1) and the superposition of the
scalar fields ωs′ts, which are singlets with respect to the tree U(1) (A
Y ′
s , A
Q′
s , A
Q
s ).
In this contribution we report the obtained analytical forms of the upper and lower 4x4 mass
matrices taking into account all contributions from dynamical scalars and gauge bosons up to one
loop corrections. At present we are carrying out a detailed numerical analysis trying to fit within
this scenario the known quark and lepton masses and mixing matrices, including the neutrino
properties.
Appendix A: Majorana mass terms
There are mass terms within the spin-charge-family-theory, which transform the right handed
neutrino to his charged conjugated one, contributing to the right handed neutrino Majorana
masses [3]
ψ† γ0
78
(−) p0− ψ ,
p0− = −(τ˜1+ A˜1+− + τ˜1− A˜1−− ) O[+]AO[+],
O[+] =
78
[+]
56
(−)
9 10
(−)
11 12
(−)
13 14
(−) . (A1)
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One easily checks, using the technique with the Clifford objects (see ref. [3]) that γ0
78
(−) p0−
transforms a right handed neutrino of one of the lower four families into the charged conjugated
one, belonging to the same group of families. It does not contribute to masses of other leptons and
quarks, right or left handed. Although the operator O[+] appears in a quite complicated way, that
is in the higher order corrections, yet it might be helpful in explaining the properties of neutrinos.
The operator −(τ˜1+ A˜1+− + τ˜1− A˜1−− ) O[+]AO[+] gives zero, when being applied on the upper four
families, since they are singlets with respect to τ˜1±.
Appendix B: Diagonalization of 4× 4 tree level mass matrix
We take mass matrices on the tree level as they follow from the spin-charge-family-theory,
Eq. (6). The part determined by the ω˜abs fields is presented in tables (I, II), for the upper four
and the lower four families, respectively.
After assuming that real and symmetric matrices are good approximation for both groups of
families (this is a good enough approximation for the lower four families, if we neglect the CP
nonconserving terms, while for the upper four families we have no information yet about the
discrete CP nonconserving symmetry either from studying the spin-charge-family-theory or from
the experimental point of view) the mass matrices presented in tables (I, II) and in Eq. (12) are
4× 4 matrices
M(o) =

−a1 e 0 b
e −a2 b 0
0 b a1 e
b 0 e a2
 , (B1)
with a1 , a2 , b and e explained in Eq (14) of sect. III. These matrix elements are different for
the upper four families (a1 =
1
2(a˜
23±− a˜N˜
3
R± + aα±) , a2 =
1
2(a˜
23±+ a˜
N˜3R± + aα±) , b = a˜
2+
± = a˜
2−
± ,
e = a˜
N˜+R± = a˜
N˜−R± ) and different for the lower four families (a1 =
1
2(a˜
13±− a˜N˜
3
L± + aα±) , a2 =
1
2(a˜
13±+
a˜
N˜3L± + aα±) , b = a˜
1+
± = a˜
1−
± , e = a˜
N˜+L± = a˜
N˜−L± ) and also different for each of the family member
(α ∈ {u, d, ν, e}), distinguishing in between the two pairs (d, e) (+) and (u, ν) (−) and in the
term aα±) , with (15) a∓ = eQA∓ + g1 cos θ1Q′ Z
Q′
∓ + g2 cos θ2 Y ′AY
′
∓ , where Q,Q′ and Y ′ stay
for the quantum numbers for the right handed members of one (anyone) family (α ∈ {u, d, ν, e}).
We present in Table VI the representation of the right handed uR-quark of a particular colour
and the right handed colourless ν-lepton for all the eight families with the basic massless states
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IR 1 u
c1
R
03
[+i]
12
(+) |
56
(+)
78
[+] ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
[+i]
12
(+) |
56
(+)
78
[+] ||
9 10
(+)
11 12
(+)
13 14
(+)
IR 2 u
c1
R
03
[+i]
12
(+) |
56
[+]
78
(+) ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
(+i)
12
[+] |
56
(+)
78
[+] ||
9 10
(+)
11 12
(+)
13 14
(+)
IR 3 u
c1
R
03
(+i)
12
[+] |
56
(+)
78
[+] ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
(+i)
12
[+] |
56
[+]
78
(+) ||
9 10
(+)
11 12
(+)
13 14
(+)
IR 4 u
c1
R
03
(+i)
12
[+] |
56
[+]
78
(+) ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
[+i]
12
(+) |
56
[+]
78
(+) ||
9 10
(+)
11 12
(+)
13 14
(+)
IIR 1 u
c1
R
03
(+i)
12
(+) |
56
(+)
78
(+) ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
(+i)
12
(+) |
56
(+)
78
(+) ||
9 10
(+)
11 12
(+)
13 14
(+)
IIR 2 u
c1
R
03
(+i)
12
(+) |
56
[+]
78
[+] ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
(+i)
12
(+) |
56
[+]
78
[+] ||
9 10
(+)
11 12
(+)
13 14
(+)
IIR 3 u
c1
R
03
[+i]
12
[+] |
56
(+)
78
(+) ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
[+i]
12
[+] |
56
(+)
78
(+) ||
9 10
(+)
11 12
(+)
13 14
(+)
IIR 4 u
c1
R
03
[+i]
12
[+] |
56
[+]
78
[+] ||
9 10
(+)
11 12
[−]
13 14
[−] νR
03
[+i]
12
[+] |
56
[+]
78
[+] ||
9 10
(+)
11 12
(+)
13 14
(+)
TABLE VI: Eight families of the right handed uR quark with the spin
1
2 , the colour charge τ
33 = 1/2,
τ38 = 1/(2
√
3) and of the colourless right handed neutrino νR of the spin
1
2 are presented in the left and
in the right column, respectively. Sab, a, b ∈ {0, 1, 2, 3, 5, 6, 7, 8} transform uc1R of the spin 12 and the chosen
colour c1 to all the members of the same colour: to the right handed uc1R of the spin − 12 , to the left uc1L of
both spins (± 12 ), to the right handed dc1R of both spins (± 12 ) and to the left handed dc1L of both spins (± 12 ).
They transform equivalently the right handed neutrino νR of the spin
1
2 .
expressed with the Clifford algebra objects [8]. Table is taken from ref. [3]. The quantum numbers,
which each of these eight families carries, are presented in Table III. The same quantum family
numbers carry any member of a family (α ∈ {u, d, ν, e}), the left or right handed, colourless or of
any colour.
While are the diagonal matrix elements, originating in ωabs scalar vacuum expectation values,
expected to cause large (and desired) changes in mass matrices for the lower four families, their
contribution to the mass matrices of the upper four families is expected to be very small, because
of the difference in the strength of the tree level contributions from ω˜abs sectors in both groups of
four families.
The matrix of Eq.(B1) can be diagonalized by the orthogonal matrix V(o) (Eq. (18))
V T(o)M(o) V(o) =M(o)D = diag(m(o)1,m(o)2,m(o)3,m(o)4) . (B2)
The diagonal contributions a∓ to mass matrices (Eq.(15)), the same for all the eight families, do
not influence the diagonalization.
Four eigenvalues m(o)i (i = 1, 2, 3, 4) of the tree level mass matrices M(o), different for each of
the two groups of four families, and also different for different family members (due to the diagonal
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contribution of Eq. (15) and to (∓), are expressible in terms of ∆o andΛo
η4 −∆oη2 + Λ(o) = 0 , ∆(o) = a21 + a22 + 2b2 + 2e2 , Λ(o) = (a1a2 + b2 − e2)2 ,
mα(o)1 = −η1 + aα , mα(o)2 = −η2 + aα , mα(o)3 = η1 + aα , mα(o)4 = η2 + aα ,
η1 =
1√
2
√
∆(o) −R1R2 , η2 =
1√
2
√
∆(o) +R1R2 ,
R1 =
√
(a1 + a2)2 + 4b2 , R2 =
√
(a2 − a1)2 + 4e2,
R21R
2
2 = Λ
2
(o) − 4Λ(o) , η21 + η22 = ∆(o) ,
η21 η
2
2 = Λ(o) , η
2
2 − η21 = R1 R2 . (B3)
Computing the eigenvectors, we obtain the orthogonal matrix V(o)
V(o) =

s1 −s2 −s3 s4
s2 s1 s4 s3
−s3 −s4 s1 s2
−s4 s3 −s2 s1
 , s1 s3 = s2 s4 . (B4)
s1, s2, s3, s4 are mixing angles defined in terms of the parameters and eigenvalues as follows
s1 =
1
2
√
(η2 + a2)2 − (a1 + η1)2
η22 − η21
, s2 =
1
2
√
(η2 + a1)2 − (a2 + η1)2
η22 − η21
s3 =
1
2
√
(η2 − a2)2 − (a1 − η1)2
η22 − η21
, s4 =
1
2
√
(η2 − a1)2 − (a2 − η1)2
η22 − η21
. (B5)
It is easy to check the orthogonality of V(o), V
T
(o)V(o) = I, and Eq.(B2).
The matrix V(o), which is different for the upper (Σ = II) than for the lower four families
(Σ = I) and different for the pair (u, ν) than the pair (d, e) transforms the massless states ψ (ψαΣ)
into the massive basis (Eq.(11)) Ψ(o) (Ψ
α (o)
Σ )
V αΣ(o) Ψ
α (o)
Σ = ψ
α
Σ , Σ = II, I, α ∈ {u, d, ν, e}. (B6)
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1. Some useful relationships
s21 s
2
2 + s
2
3 s
2
4 =
e2 ((a2 + a1)
2 + 2b2)
R21 R
2
2
, s21 s
2
4 + s
2
2 s
2
3 =
b2 ((a2 − a1)2 + 2e2)
R21 R
2
2
, s21 s
2
3 =
b2 e2
R21 R
2
2
,
s1 s2(s
2
1 − s22) + s3 s4(s24 − s23) =
e(a2 − a1) ((a2 + a1)2 + 2b2)
R21 R
2
2
,
s1 s4(s
2
1 − s24) + s2 s3(s22 − s23) =
b(a2 + a1) ((a2 − a1)2 + 2e2)
R21 R
2
2
,
s1 s2(s
2
4 − s23) + s3 s4(s21 − s22) = 2s1 s3(s1 s4 − s2 s3) =
2eb2(a2 − a1)
R21 R
2
2
,
s1 s4(s
2
2 − s23) + s2 s3(s21 − s24) = 2s1 s3(s1 s2 − s3 s4) =
2be2(a2 + a1)
R21 R
2
2
,
s1 s3(s
2
1 + s
2
3 − s22 − s24) = (s1 s2 − s3 s4)(s1 s4 − s2 s3) =
be(a22 − a21)
R21 R
2
2
. (B7)
2. 2× 2 matrices in the limit b = 0 within the 4× 4 ones
We study here the limit when the off diagonal matrix elements b in Eq. (12,B1) are
small in comparison with the other nonzero matrix elements. We put in what follows
b = 0. The mass matrices of Eq. (B1) then simplifies into two by diagonal 2 × 2 matri-
ces. In this limit it follows, after using the relation
(
1
2
[
a1 + a2 ±
√
(a2 − a1)2 + 4e2
])2
=
1
2
[
a21 + a
2
2 + 2e
2 ±√(a1 + a2)2 √(a2 − a1)2 + 4e2] in Eq. (B3),
η1,2 =
1
2
[
a1 + a2 ∓
√
(a2 − a1)2 + 4e2
]
. (B8)
Now ηi, i = 1, 2 obey relations: η
2
i − (a1 + a2) ηi + a1a2 − e2 = 0 , η2 + η1 = a1 + a2 , η2 − η1 =√
(a2 − a1)2 + 4e2 , η1 η2 = a1a2 − e2 . Correspondingly one finds: (η2 − a2)2 − (a1 − η1)2 =
(η1 +η2−a1−a2)(η2−η1−a2 +a1) and (η2−a1)2−(a2−η1)2 = (η1 +η2−a1−a2)(η2−η1 +a2−a1).
From the above equations it follows that s3 = 0 = s4 and
s1 =
√√√√√1
2
1 + 1√
1 + ( 2ea2−a1 )
2
 , s2 =
√√√√√1
2
1− 1√
1 + ( 2ea2−a1 )
2
 . (B9)
The masses of the first two families in each group of four families are then
mα(o)1 = −η1 + aα , mα(o)2 = −η2 + aα , mα(o)3 = η1 + aα , mα(o)4 = η2 + aα , (B10)
in this case of the two by two diagonal matrices η1,2 =
1
2 (a1 + a2 ∓
√
(a2 − a1)2 + 4e2).
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Appendix C: Mass matrices with one loop gauge and scalar corrections included
According to Eq. (6) to one loop corrections to the tree level mass matrices M(o) the scalar
fields of the two kinds and the massive gauge fields contribute. As discussed in sect. III to the loop
corrections contribute:
i.) The scalar fields expressible with ω˜abs contribute after the electroweak break to masses of
both groups of four families. The scalar fields ( g˜N˜R ~˜NR
~˜AN˜R∓ , g˜2 ~˜τ2
~˜A2∓ ) contribute to masses of the
upper four families, while ( g˜N˜L ~˜NL
~˜AN˜L∓ , g˜1 ~˜τ1
~˜A1∓ ) contribute to masses of the lower four families.
Each group of these scalar fields appear at a different scale. The contributions in both groups of
scalar fields distinguish among the pairs (u , ν) and (d , e) due to the term
78
(∓) p0∓ in Eq.(3), which
contributes to (u , ν) for (−) and to (d , e) for (+).
ii.) The scalar fields expressible with ωabs (eQA∓ , g1 cos θ1Q′ Z
Q′
∓ , g2 cos θ2 Y ′AY
′
∓ ). These
scalar fields, which gain masses during the electroweak break, contribute to only the diagonal matrix
elements, distinguishing among the family members α ∈ {u, d, /nu, e} through the eigenvalues of
the operators Q, Q′ and Y ′ and through the term
78
(∓) p0∓. The effect of their loops contributions
depends strongly on the three level mass matrices.
iii.) The massive gauge vector fields g1 cos θ1Q
′ ZQ
′
m , g2 cos θ2 Y
′AY ′m contributions differ for
different members of a family according to the eigenvalues of the operators Q′ and Y ′ and due to
78
(∓) p0∓. Their influence on the upper four and the lower four family members depends on the
three level mass matrices.
The one loop contributions to the tree level mass matrices are illustrated in figures 1,2,3 pre-
sented in section III.
We discuss these contributions separately for both kinds of scalar fields and for gauge bosons.
According to Eqs.(10,23) the contributions taking into account up to (k) loops corrections read
ψ†L γ
0 (M(o k) + · · ·+M(o 1) +M(o))ψR = ψ†L γ0M(k) ψR
Ψ
(k) †
L γ
0 (V(o) V(1) · · ·V(k))† (M(o k) + · · ·+M(o 1) +M(o)) V(o) V(1) · · ·V(k) Ψ(k)R , (C1)
where ψ(L,R) are the massless states and Ψ
(k)
(L,R) the massive ones when (k) loops corrections are
taken into account
ψ(L,R) = V(o) V(1) · · ·VΣ (k) Ψ(k)(L,R) (C2)
and we skipped the indices Σ and α, assuming that they are present and will be determined when
numerical calculations will be performed.
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AAa A˜
N˜R(1,2)
∓ A˜
N˜R3∓ A˜
2(1,2)
∓ A˜
2 3
∓ A˜
N˜L(1,2)
∓ A˜
N˜L3∓ A˜
1(1,2)
∓ A˜
1 3
∓ A
Y ′
∓ A
Q′
∓ A
Q
∓ A
Y ′
m Z
Q′
m
gA g˜N˜R g˜N˜R g˜2 g˜2 g˜N˜L g˜N˜L g˜1 g˜1 gY
′
gQ
′
gY gY
′
gQ
′
MA MN˜R MN˜R3 M2˜ M2˜3 MN˜L MN˜L3 M1˜ M1˜3 MY ′S MQ′S MQS MY ′ MQ′
TABLE VII: Notation for masses of dynamical scalar and vector boson fields. We used in Table VII the
notation MN˜R = MN˜R1 = MN˜R2 , M2˜ = M2˜1 = M2˜2 , MN˜L = MN˜L1 = MN˜L2 and M1˜ = M1˜1 = M1˜2.
Accordingly we have up to one loop corrections
Ψ
(1) †
L γ
0 (V(o) V(1))
† (M(o 1) +M(o)) V(o) V(1) Ψ(1)R = ψ†L γ0 (M(o 1) +M(o))ψR ,
M(o 1) = M˜(o 1)S˜ +M(o 1)S +M(o 1)V , (C3)
whereM(o 1) stays for the sum of the one loop contributions of the scalar fields originating in ω˜ab±
( ~˜A
N˜(L,R)
∓ ,
~˜A
(2,1)
∓ ), we write them as M˜(o 1)S˜ , of those originating in ωst± (A∓, Z
Q′
∓ , AY
′
∓ ), we write
them as M(o 1)S and of those originating in the massive boson fields (ZQ
′
m , AY
′
m ), we write them as
M(o 1)G . All these contributions will be calculated in the next three subsections for the tree level
mass matrices M(o) from Eq.(12).
The mass matrix up to one loop is (Eq.(20))
M(1) = V †(o) (M(o 1) +M(o))V(o) , (C4)
with M(o 1) = (M˜(o 1)S˜ +M(o 1)S +M(o 1)V ) to be calculated in the subsections of this appendix
and with V(1) which follows from (Eq.(24))
M(1)D = V †(1) [V †(o) (M(o 1) +M(o))V(o) ]V(1) = diag(m(1) 1, · · ·m(1) 4) . (C5)
Let m(o) i i = 1, 2, 3, 4 be the diagonal mass eigenvalues from Eqs. (25,B2) (each carrying the
quantum number of the family member α and the group index Σ)
M(o)D = V †(o)M(o) V(o) = diag(m(o) 1,m(o) 2,m(o) 3,m(o) 4) , (C6)
from appendix B.
Let MA stays for the masses of all fields A
A
a (
~˜A2∓ ,
~˜AN˜R∓ ,
~˜A1∓ ,
~˜AN˜L∓ , A
Q
∓ , Z
Q′
∓ , AY
′
∓ , Z
Q′
m , AY
′
m )
contributing to loop corrections to the tree level masses as presented in Figs. (1, 2, 3) and let gA and
τA stay for the corresponding coupling constants (as presented in Table VII) and the eigenvalues
of the operators τˆA. Then the one loop contributions of both kinds of the scalar fields can be read from
Figs. (1, 2) leading to
ΣAkS = m(o)k
(gA~τA)2
16pi2
(MA)
2
(MA)2 − (m(o)k)2 ln
(MA)
2
(m(o)k)2
. (C7)
29
α u d ν e
(gY
′
)2 Y
′α
L Y
′α
R
4pi2 − α12 pi 1cos2 θ1
(
1− 13 tan2 θ2
)
α
12 pi
1
cos2 θ1
(
1 + 13 tan
2 θ2
)
α
4 pi
1
cos2 θ1
(
1 + tan2 θ2
) − α4 pi 1cos2 θ1 (1− tan2 θ2)
(gQ
′
)2Q
′α
L Q
′α
R
4pi2 − α3 pi
(
1− 13 tan2 θ1
) − α6 pi (1 + 13 tan2 θ1) 0 − α2 pi (1− tan2 θ1)
TABLE VIII: The couplings
(gY
′
)2 Y
′α
L Y
′α
R
4pi2 are presented, evaluated for the members of a (any) family
α = (u , d , ν , e). Y
′α
(L,R) and Q
′α
(L,R) are the eigenvalues of the operators Yˆ
′ and Qˆ′ applied on the left (Y
′α
L ,
Q
′α
L ) and on the right (Y
′α
R , Q
′α
R ) handed member of a family α (=∈ {u , d , ν , e}) in the massless basis.
We must keep in mind that τA (≡ (Y ′ , Q′ , Q), applied on the right handed massless states, or, if taking the
hermitean conjugate value of the mass term (ψ† γ0
78
(±) p0± ψ)† of Eq. (3), on the left handed massless states,
which brings the same result, with the eigenvalues presented in Table IV) are the same for all the families
of both groups and so are MA (≡ (MY ′ ,MQ′ ,MQ)) and that accordingly contributions Σ(Y
′,Q′,Q)
k of the
scalar fields AY
′
∓ , A
Q′
∓ and A
Q
∓ bring different contributions for different families only through m
αΣ
(o)k. The
contributions of ( ~˜A2∓ ,
~˜AN˜R∓ ,
~˜A1∓ ,
~˜AN˜L∓ ) are different for different group of families and different members
of one group, while they distinguish among the family members only through dependence of the fields on
masses (mαΣ(o)k) and on (∓).
To evaluate the contributions from the gauge fields as presented in Fig. 3 we must evaluate
ΣAkV = m(o)k
(gA)2 τAL τAR
4pi2
(MA)
2
(MA)2 − (m(o)k)2 ln
(MA)
2
(m(o)k)2
, (C8)
where τAL , τ
A
R are the eigenvalues of the operators Y
′ and Q′ applied on the left (τAL ) and on the right
(τAR ) handed member of a family α (=∈ {u , d , ν , e}) in the massless basis, MA stays for MY ′ and MQ′ . In
Table VIII we present the values (gA)2 τAL τAR for the members of a family α=(u , d , ν , e). Let us add
that
(gY
′
)2 Y
′α
L Y
′α
R = −g4 sin θ2 τ4α g2 cos θ2 Y
′α
R = −(gY
′
)2 τ4α Y
′α
R ,
(gQ
′
)2Q
′α
L Q
′α
R = −g1 cos θ1 Q
′α
L g
Y sin θ1 Y
α
R = −e2Q
′α
L Q
′α
R , (C9)
where it is τ4α = τ4αL = τ
4α
R .
We evaluate in the next subsections the one loop corrections for all the three kinds of
fields. The corresponding mass matrices including one loop corrections (Eq. (C4))MαΣ(1) are
the sum of contributions of two kinds of massive scalar dynamical fields MαΣ
(1) S˜
(Eq. (C17)
and MαΣ(1)S (Eq. (C24)), of massive vector boson fields MαΣ(1)V (Eq. (C29)) and of the tree
level mass matrices V α†Σ (o)MαΣ(o) V αΣ(o)
V α†Σ (o) (MαΣ(o 1) S˜ +MαΣ(o 1)S +MαΣ(o 1)V +MαΣ(o) )V αΣ (o) . (C10)
We obtain the masses and the diagonalizing matrices, within one loop corrections, from
Eq. (C5).
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1. Scalar fields – ~˜A
N˜(R,L)
∓ ,
~˜A
(2,1)
∓ – contributions to one loop corrections to the mass
matrices
We shall first study the one loop corrections to the tree level mass matrices from the
scalar fields originating in ω˜abs (
~˜A
N˜(R,L)
∓ ,
~˜A
(2,1)
∓ ), which distinguish among all the families.
They also distinguish among the family members α through the dependence on (∓) and
through the tree masses mαΣ(o)k. The tree level diagonalizing matrices V
α
Σ(o) also depend on
(∓), that is they are different for the pair (u , ν) than for the pair (d, e). The corresponding
diagrams are presented in Figs. (1, 2).
The operators ~˜NR
~˜AN˜R and ~˜τ 2 ~˜A2 transform the members of the upper four families while
~˜NL
~˜AN˜L and ~˜τ 1 ~˜A1 transform the members of the lower four families, both kinds of transfor-
mations are presented in Eq. (C11)
N˜iL↔I4 I3
I1 I2
l τ˜ 1i ,
N˜iR↔II4 II3
II1 II2
l τ˜ 2i . (C11)
Let us repeat that the upper four families are doublets with respect to ~˜NR and doublets with
respect to ~˜τ 2 and that they are singlets with respect to ~˜NL and singlets with respect to ~˜τ
1,
while the lower four families are doublets with respect to ~˜NL and doublets with respect to ~˜τ
1
and that they are singlets with respect to ~˜NR and singlets with respect to ~˜τ
2. Accordingly
the mass matrices 8 × 8 stay to be two by diagonal matrices 4 × 4 also after the loops
corrections.
Let us, to treat both groups of families formally all at once, accept the notation.
i. Let the scalar fields ~˜A
N˜(R,L)
∓ be denoted by
~˜AN˜∓ , and
~˜A
(2,1)
∓ by
~˜A∓ .
ii. Let masses of these dynamical scalar fields be different for different components of A˜N˜i∓ ,
so that A˜N˜1∓ and A˜
N˜2
∓ have equal masses, and A˜
N˜3
∓ a different one. Equivalent assumption
is made for the massless of the components of ~˜A∓ .
Let (Mτ˜ ,Mτ˜3 ) represents the masses of the dynamical scalar fields
~˜A2∓ , (M2˜ 1 = M2˜ 2 and
M2˜ 3 from Table VII) when treating the upper four families, as well as the masses of the
scalar fields ~˜A1∓ , (M1˜ 1 = M1˜ 2 and M1˜ 3 from Table VII) when treating the lower four families.
Let (MN˜ ,MN˜3) represents the masses of the scalar fields
~˜A
N˜(R ,L)
∓ (MN˜(R ,L)1 = MN˜(R ,L)2 and
MN˜(R ,L)3 from Table VII). We shall distinguish between the two groups of families when
pointing out the differences and when looking for the numerical evaluations. The masses of
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the two kinds of the scalar fields differ for many orders of magnitude.
iii. Correspondingly let m(o)i , i ∈ {1, 2, 3, 4}, be the tree level masses of either the upper
(mαΣ=II(o)i ) or the lower four families (m
αΣ=I
(o)i ) for each of the family member α = (u , d , ν , e)
and g˜ (g˜(2,1)) determines the couplings to the fields ~˜A∓ and g˜N˜ (g˜N˜(R,L)) the couplings to
the fields ~˜AN˜∓ as presented in Table VII.
From the diagrams in Figs. (1,2) one loop contributions of the fields ~˜A± and
~˜AN˜± follow
Σ˜3
kS˜
= m(o)k
(g˜)2
4
1
16 pi2
(Mτ˜3)
2
(Mτ˜3)2 − (m(o)k)2 ln
(Mτ˜3)
2
(m(o)k)2
,
Σ˜±
kS˜
= m(o)k
(g˜)2
2
1
16 pi2
(Mτ˜ )
2
(Mτ˜ )2 − (m(o)k)2 ln
(Mτ˜ )
2
(m(o)k)2
,
Σ˜N˜3
kS˜
= m(o)k
(g˜N˜)2
4
1
16 pi2
(MN˜3)
2
(MN˜3)
2 − (m(o)k)2 ln
(MN˜3)
2
(m(o)k)2
,
Σ˜N˜±
kS˜
= m(o)k
(g˜N˜)2
2
1
16 pi2
(g˜N˜)2
(MN˜)
2 − (m(o)k)2 ln
(MN˜)
2
(m(o)k)2
, (C12)
with k ∈ {1, 2, 3, 4} and where also the eigenvalues of the operators ~˜τA are already taken
into account. From here the contributions to the M˜(o 1)S˜ mass matrix follows when by taking
into account Eq. (C11) the transformations
Σ˜
(3,N˜3)
S˜ ij
=
4∑
k=1
V(o) ik V(o) jk Σ˜
(3,N˜3)
kS˜
, Σ˜
(±,N˜±)
S˜ ii
=
4∑
k=1
V(o) ik V(o) ik Σ˜
(±,N˜±)
kS˜
(C13)
are performed and Σ˜
(3,N˜3)
ij built into the mass matrix M˜(o1)S˜ of Eq. (C14).
M˜(o1)S˜ = Σ˜
3
11+Σ˜
N˜3
11 +Σ˜
±
44+Σ˜
N˜±
22 −Σ˜N˜312 0 −Σ˜314
−Σ˜N˜312 Σ˜322+Σ˜N˜322 +Σ˜±33+Σ˜N˜±11 −Σ˜323 0
0 −Σ˜323 Σ˜333+Σ˜N˜333 +Σ˜±22+Σ˜N˜±44 −Σ˜N˜334
−Σ˜314 0 −Σ˜N˜334 Σ˜344+Σ˜N˜344 +Σ˜±11+Σ˜N˜±33
 . (C14)
The matrix M˜(o1)S˜ (and correspondingly all the matrix elements) should carry the indices
α and Σ, since m(o)k and V(o) carry the indices α and Σ while Mτ˜ , Mτ˜3, Mτ˜ and Mτ˜3 carry
the index Σ. Correspondingly the matrix of Eq. (C14) applies to any family member of
either the upper or the lower group of four families.
To obtain the mass matrix up to one loop M(1) (Eqs.(20, C4)) one needs to find
V †(o) (M(o 1) +M(o))V(o) = V †(o) M˜(o 1)S˜ V(o) + V †(o)M(o 1)S V(o) + V †(o)M(o 1)V V(o) .
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Let us therefore calculate here M˜(1)S˜ (≡ M˜αΣ(1)S˜) = V
†
(o) M˜(o 1)S˜ V(o) . Introducing
Σ˜1 = Σ˜
3
1 + Σ˜
N˜3
1 + Σ˜
±
4 + Σ˜
N˜±
2 , Σ˜2 = Σ˜
3
2 + Σ˜
N˜3
2 + Σ˜
±
3 + Σ˜
N˜±
1 ,
Σ˜3 = Σ˜
3
3 + Σ˜
N˜3
3 + Σ˜
±
2 + Σ˜
N˜±
4 , Σ˜4 = Σ˜
3
4 + Σ˜
N˜3
4 + Σ˜
±
1 + Σ˜
N˜±
3 ,
Σ˜(1−2) = Σ˜N˜31 − Σ˜N˜32 , Σ˜(3−4) = Σ˜N˜33 − Σ˜N˜34 , ,
Σ˜(1−4) = Σ˜N˜31 − Σ˜N˜34 , Σ˜(2−3) = Σ˜N˜32 − Σ˜N˜33 , (C15)
we obtain for the mass matrix elements (M˜(1)S˜)ij when taking into account the matrix V(o)
from Eq.(B4) and Eq. (C15)
(M˜(1)S˜)11 = Σ˜1 + 2(s21s22 + s23s24)(Σ˜2 − Σ˜1 − Σ˜(1−2)) + 2(s21s24 + s22s23)(Σ˜4 − Σ˜1 − Σ˜(1−4))
+4s21s
2
3(Σ˜3 − Σ˜1 + Σ˜(3−4) − Σ˜(2−3)) ,
(M˜(1)S˜)22 = Σ˜2 + 2(s21s22 + s23s24)(Σ˜1 − Σ˜2 + Σ˜(1−2)) + 2(s21s24 + s22s23)(Σ˜3 − Σ˜2 − Σ˜(2−3))
+4s21s
2
3(Σ˜4 − Σ˜2 − Σ˜(3−4) − Σ˜(1−4)) ,
(M˜(1)S˜)33 = Σ˜3 + 2(s21s22 + s23s24)(Σ˜4 − Σ˜3 − Σ˜(3−4)) + 2(s21s24 + s22s23)(Σ˜2 − Σ˜3 + Σ˜(2−3))
+4s21s
2
3(Σ˜1 − Σ˜3 + Σ˜(1−2) + Σ˜(1−4)) ,
(M˜(1)S˜)44 − Σ˜4 + 2(s21s22 + s23s24)(Σ˜3 − Σ˜4 + Σ˜(3−4)) + 2(s21s24 + s22s23)(Σ˜1 − Σ˜4 + Σ˜(1−4))
+4s21s
2
3(Σ˜2 − Σ˜4 + Σ˜(2−3) − Σ˜(1−2)) ,
(M˜(1)S˜)12 = [s1s2(s21 − s22)− s3s4(s23 − s24)] (Σ˜2 − Σ˜1 − Σ˜(1−2))
+[s1s2(s
2
3 − s24)− s3s4(s21 − s22)](Σ˜4 − Σ˜3 − Σ˜(3−4)) + 2s1s3(s1s4 − s2s3)(Σ˜(1−4) − Σ˜(2−3)) ,
(M˜(1)S˜)13 = (M˜(1)S˜)24 = s1s3(s21 + s23 − s22 − s24)(Σ˜2 + Σ˜4 − Σ˜1 − Σ˜3)
+(s1s2 − s3s4)(s1s4 − s2s3)(Σ˜(2−3) − Σ˜(1−4) − Σ˜(1−2) − Σ˜(3−4)) ,
(M˜(1)S˜)14 = [s1s4(s21 − s24) + s2s3(s22 − s23)](Σ˜1 − Σ˜4 + Σ˜(1−4))
+[s1s4(s
2
2 − s23) + s2s3(s21 − s24)](Σ˜2 − Σ˜3 + Σ˜(2−3))− 2s1s3(s1s2 − s3s4)(Σ˜(1−2) + Σ˜(3−4)) ,
(M˜(1)S˜)23 = [s1s4(s21 − s24) + s2s3(s22 − s23)](Σ˜2 − Σ˜3 + Σ˜(2−3))
+[s1s4(s
2
2 − s23) + s2s3(s21 − s24)](Σ˜1 − Σ˜4 + Σ˜(1−4)) + +2s1s3(s1s2 − s3s4)(Σ˜(1−2) + Σ˜(3−4)) ,
(M˜(1)S˜)34 = [s1s2(s21 − s22) + s3s4(s24 − s23)](Σ˜3 − Σ˜4 + Σ˜(3−4))
+[s1s2(s
2
4 − s23) + s3s4(s21 − s22)](Σ˜2 − Σ˜1 − Σ˜(1−2)) +−2s1s3(s1s4 − s2s3)(Σ˜(1−4) + Σ˜(2−3)) ,
(M˜(1)S˜)21 = (M˜(1)S˜)12 , (M˜(1)S˜)31 = (M˜(1)S˜)13 , (M˜(1)S˜)41 = (M˜(1)S˜)14 ,
(M˜(1)S˜)32 = (M˜(1)S˜)23 , (M˜(1)S˜)43 = (M˜(1)S˜)34 . (C16)
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All the matrix elements (M˜(1)S˜)ij carry the indices α, which distinguishes among family
members, and Σ, which distinguishes between the two groups of four families. The matrix
M˜αΣ
(1)S˜
is accordingly
M˜αΣ
(1)S˜
= V α†Σ(o) M˜αΣ(o1)S˜ V αΣ(o)
=

(M˜(1)S˜)11 (M˜(1)S˜)12 (M˜(1)S˜)13 (M˜(1)S˜)14
(M˜(1)S˜)12 (M˜(1)S˜)22 (M˜(1)S˜)23 (M˜(1)S˜)13
(M˜(1)S˜)13 (M˜(1)S˜)23 (M˜(1)S˜)33 (M˜(1)S˜)34
(M˜(1)S˜)14 (M˜(1)S˜)13 (M˜(1)S˜)34 (M˜(1)S˜)44

αΣ
S˜
. (C17)
The matrix M˜(1)S˜ carry the indices α (distinguishing among family members) and Σ (dis-
tinguishing between the two groups of four families), which are added to the matrix.
a. Contributions from scalar fields ~˜AA˜± which couple two families
We explain in details the contribution to loop corrections from the scalar fields ~˜AA˜±, rep-
resenting ~˜A2± and
~˜AN˜R± in the case of the upper four families and
~˜A1± and
~˜AN˜L± for the lower
four families. We work in the massless basis. Let these fields act between the families (i, j)
accordingly to Eq.(C11). Let these two families are the two states of the fundamental rep-
resentation of the associated SU(2) flavour symmetry (with the corresponding infinitesimal
generators of the group, which are either ~˜τ 1 or ~˜NL for the lower four families or ~˜τ
2 or ~˜NR for
the upper four families). The fields ~˜AA˜± couple to the families (i, j) (that is to the massless
states ψαΣ(L,R)i, we here omit the indices α and Σ) as follows
g˜A˜
2
[(
ψj (L,R) ψi (R,L) + ψi (L,R) ψj (R,L)
)
A˜A˜1±
+
(
i ψj (L,R) ψi (R,L) − i ψi (L,R) ψj (R,L)
)
A˜A˜2±
+
(
ψi (L,R) ψi (R,L) − ψj (L,R) ψj (R,L)
)
A˜A˜3±
]
. (C18)
For particular values of the indices α ∈ (u , d , ν , e) and Σ ∈ (II, I), the pair of the families
(i, j) is associated to the subset of tree level mass parameters from M(o) ≡MαΣ(o) , Eq.(B1).
In Table IX these tree level matrix elements are presented for the case (i = 4, j = 1). Using
the scalar couplings of Eq. (C18) and the involved tree level mass parameters we can draw
the one loop diagrams of Figs. 1 and 2. From these diagrams the one loop contributions of
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ψ4R ψ1R
ψ¯4L a2 b
ψ¯1L b −a1
TABLE IX: 2× 2 tree level parameters for i = 4, j = 1 family indices
the fields ~˜AA˜± follow
ψ¯αΣ iL
(
Σ˜
(3,N˜3)
S˜ ii
+ Σ˜
(±,N˜±)
S˜ jj
)
ψαΣ iR − ψ¯αΣ iL Σ˜(3,N˜3)S˜ ij ψαΣ jR
+ ψ¯αΣ jL
(
Σ˜
(3,N˜3)
S˜ jj
+ Σ˜
(±,N˜±)
S˜ ii
)
ψαΣ jR − ψ¯αΣ jL Σ˜(3,N˜3)S˜ ij ψαΣ iR , (C19)
with Σ˜
(3,N˜3)
S˜ ij
and Σ˜
(±,N˜±)
S˜ ii
defined in Eqs. (C13, C12).
2. Scalar fields – ~AY
′
∓ , ~A
Q′
∓ , ~A
Q
∓ – contributions to one loop corrections to the mass matrices
The one loop corrections of the scalar fields originating in ωsts′ – ~A
Y ′
∓ , ~A
Q′
∓ , ~A
Q
∓ –
(eQAQ∓, g
1 cos θ1Q
′ ZQ
′
∓ , g
2 cos θ2 Y
′AY
′
∓ ) are presented in Fig. 2. Their contributions to
the mass matrix M(o1)S depend on a family member α through different values for each of
the two pairs (u , ν) and (d , e) (∓), through the dependence of the tree level masses (m(o)i) on
α, and also through the eigenvalues of the operators (Yˆ ′ , Qˆ′ , Qˆ) on different family members
α = (u , d , ν , e) as already explained and also presented in Table IV. Their contributions
depend also on the group (Σ = (II , I)) and family indices (i = (1 , 2 , 3 , 4)) through (mαΣ(o)i).
Let here Qα, Q
′α, Y
′α stay for the eigenvalues of the corresponding operators on the states
ψα (the states are indeed ψαΣ i, carrying also the family and the group indices as presented
in Eq. (8) and skipped here). And let MQS ,MQ′ S and MY ′ S represent the masses of the
scalar dynamical fields AQ∓ , Z
Q′
∓ and A
Y ′
∓ , respectively.
We have equivalent expressions to those of Eq. (C12)
ΣY
′α
kS = m(o)k
(gY
′
Y
′α)2
16pi2
(MY ′S)
2
(MY ′S)2 − (m(o)k)2 ln
(MY ′S)
2
(m(o)k)2
,
ΣQ
′α
kS = m(o)k
(gQ
′
Q
′α)2
16pi2
(MQ′ S)
2
(MQ′ S)2 − (m(o)k)2 ln
(MQ′ S)
2
(m(o)k)2
,
ΣQαkS = m(o)k
(gQ Qα)2
16pi2
(MQS)
2
(MQS)2 − (m(o)k)2 ln
(MQS)
2
(m(o)k)2
, (C20)
where, as already explained, m(o)k (m
αΣ
(o)k) are the masses, depending on the member of a
family α and on the group of four families (Σ), evaluated on the tree level.
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Let us evaluate Σ
αΣ(Y
′α,Q
′α,Qα)
ij , similarly as in Eq. (C13), pointing out that they depend
on Σ = (II, I) through masses (mαΣ(o) ) and through V(o)ik (≡ V αΣ(o) ik)
Σ
αΣ(Y
′α,Q
′α,Qα)
S ij =
4∑
k=1
V αΣ(o) ik V
α
Σ(o) jk Σ
αΣ(Y
′α,Q
′α,Qα)
kS . (C21)
we end up with the matrix M(o1)S , which carry the indices α and Σ (MαΣ(o1)S). Due to
Eq. (C4) we need to calculate to obtain the mass matrices up to the one loop corrections in-
cludedM(1) (V †(o) (M(o 1) +M(o))V(o) = V †(o) M˜(o 1)S˜ V(o) +V †(o)M(o 1)S V(o) +V †(o)M(o 1)V V(o) .
Let us calculate here therefore V α†Σ (o) M˜αΣ(o 1)S V αΣ(o) , which distinguish among members of
a family (α) and between the two groups of families(Σ), using Eqs. (C4, C20, C21)(
V α †Σ(o)MαΣ(o 1)S V αΣ (o)
)
ij
=
4∑
(l,k,r)=1
(V αΣ (o)li V
α
Σ(o)lk) (V
α
Σ(o)rk V
α
Σ(o)rj) (Σ
Y ′α
kS + Σ
Q′α
kS + Σ
Qα
kS )
αΣ
= δik δjk (Σ
Y ′α
kS + Σ
Q′α
kS + Σ
Qα
kS )
αΣ . (C22)
We have for MαΣ(1)S
MαΣ(o1)S =
(
V α †Σ(o)MαΣ(o 1)S V αΣ (o)
)
(C23)
ΣY
′α
1S + Σ
Q′α
1S + Σ
Qα
1S 0 0 0
0 ΣY
′α
2S + Σ
Q′α
2S + Σ
Qα
2S 0 0
0 0 ΣY
′α
3S + Σ
Q′α
3S + Σ
Qα
3S 0
0 0 0 ΣY
′α
4S + Σ
Q′α
4S + Σ
Qα
4S

αΣ
S
.
3. Gauge bosons – AY
′
m , Z
Q′
m – contribution to one loop corrections to the mass matrices
4× 4
We study the one loop contributions to the tree level mass matrices from the gauge
fields AY
′
m and Z
Q′
m . According to ref. [3] A
Y ′
m gains a mass after the phase transition from
SU(2)I × SU(2)II × U(1)II into SU(2)I × U(1)I (and becomes a superposition of ~A2m and
A4m fields), while Z
Q′
m gains a mass after the electroweak break (from SU(2)I × U(1)I into
U(1)) (and becomes a superposition of ~A1m and A
Y
m fields). The one loop corrections of both
vector fields to the tree level mass matrices are presented in Fig. 3. After the electroweak
break Eq. (6) determines the covariant moments of all the eight families. These two massive
vector fields influence mass matrices of the upper and the lower four families.
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According to ref. [3] before the phase transitions ψR transform under SU(2)II × U(1)II ,
that is with respect to ~ˆτ 2 and τˆ 4, as (2, τ 4), τ 4 = 1
6
(−1
2
) for quarks (leptons), while ψL
transform under SU(2)II × U(1)II as (1, τ 4). From the kinetic term of Eq.(6) the gauge
couplings to AY
′
m is [
gY
′
Yˆ
′
(ψL + ψR)
α
Σ
]
AY
′
m , (C24)
where massless states ψαΣ(L,R) carry indices Σ (distinguishing the upper, = II, and the
lower, = I, four families), α (= (u , d , ν , e), which distinguishes a family members) and the
family index (i = 1, 2, 3, 4) of each group. We further have gY
′
Yˆ
′
ψαL = −g4 sin θ2 τˆ 4 ψαΣL,
gY
′
Yˆ
′
ψαΣR = g2 cos θ2 Yˆ
′ ψαΣR (see Table IV). ~ˆτ
2, ~ˆτ 1 and τˆ 4 distinguish only among family
members.
According to ref. [3] massless states ψR transform as (1, Y ) under SU(2)I×U(1)Y , that is
with respect to ~ˆτ 1 and Yˆ , while ψL transforms as (2, Y ) under SU(2)I×U(1)Y . Accordingly,
Eq.(6) dictates the following couplings of ZQ
′
m to fermions in a massless basis [20][
gQ
′
Qˆ
′
(ψαΣL + ψ
α
ΣR)
]
ZQ
′
m , (C25)
where massless basis ψ(L,R) carry indices Σ , α and the family index (i = 1, 2, 3, 4) of each
group, and gQ
′
Qˆ
′
ψαΣL = g1 cos θ1 Qˆ
′ ψαΣL and g
Q′Qˆ
′
ψαΣR = −gY sin θ1 Qˆ′ ψαΣR (see Table IV).
The internal fermion lines in the diagram of Fig. 3 represent the massive basis Ψ(o)
(carrying the index Σ, α and i, Ψ
α(o)
Σ i ) and the masses m
αΣ
(o)i are diagonal values, eigenvalues,
of the 4× 4 matrix, belonging to the family member α and the four family group Σ, MαΣ(o) .
Let Y
′α(L,R), Q
′α
(L,R) stay for the eigenvalues of the corresponding operators on the states
ψαΣ (L,R) i (Eq. (8)) and let MY ′ and MQ′ represent the masses of the vector bosons A
Y ′
m and
ZQ
′
m (≡ AQ′m ), respectively. From the diagram in Fig. 3 then follow expressions, equivalent
to those from Eqs. (C12, C20)
ΣY
′α
kV = m(o)k
(gY
′
)2 Y
′α
L Y
′α
R
4pi2
(MY ′)
2
(MY ′)2 − (m(o)k)2 ln
(MY ′)
2
(m(o)k)2
,
ΣQ
′α
kV = m(o)k
(gQ
′
)2Q
′α
L Q
′α
R
4pi2
(MQ′)
2
(MQ′)2 − (m(o)k)2 ln
(MQ′)
2
(m(o)k)2
, (C26)
where, as already explained, m(o)k are the masses of the (upper or lower) four families on
the tree level, and should carry the indices of the group Σ and of the family member α and
Y
′α
(L,R) and Q
′α
(L,R) are the eigenvalues of the operators when applied to the right (Y
′α
R , Y
′α
R )
or to the left (Y
′α
L , Y
′α
L ) handed member of a family (α) in the massless basis.
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Let us evaluate Σ
Σ(Y
′α,Q
′α)
ij , similarly as in Eqs. (C13,C21, pointing out that they depend
on Σ = (II, I) through masses (mαΣ(o) ) and through V(o)ik (≡ V αΣ(o) ik) and are different for
each of the family member α
Σ
Σ(Y
′α,Q
′α)
V ij =
4∑
k=1
V αΣ(o) ik V
α
Σ(o) jk Σ
(Y
′α,Q
′α)
kV . (C27)
We end up with the matrix M(o1)V , which carry the indices α and Σ (MαΣ(o1)V ). Due to
Eq. (C4) we need to calculate, to obtain the mass matrices up to the one loop corrections in-
cluded,M(1) (V †(o) (M(o 1)+M(o))V(o) = V †(o) M˜(o 1)S˜ V(o) +V †(o)M(o 1)S V(o) +V †(o)M(o 1)V V(o) .
Let us calculate here V α†Σ (o) M˜αΣ(o 1)V V αΣ(o) , which distinguish among members of a family
(α) and between the two groups of families(Σ), using Eqs. (C4, C20, C27)(
V α †Σ(o)MαΣ(o 1)V V αΣ (o)
)
ij
=
4∑
(l,k,r)=1
(V(o)li V(o)lk) (V(o)rk V(o)rj) (Σ
Y ′α
kV + Σ
Q′α
kV + Σ
Qα
kV )
= δik δjk (Σ
Y ′α
kV + Σ
Q′α
kV + Σ
Qα
k ) . (C28)
We have for MαΣ(1)V the expression with only diagonal terms
MαΣ(1)V = V α†Σ (o) M˜αΣ(o 1)V V αΣ(o)
ΣY
′α
1V + Σ
Q′α
1V 0 0 0
0 ΣY
′α
2V + Σ
Q′α
2V 0 0
0 0 ΣY
′α
3V + Σ
Q′α
3V 0
0 0 0 ΣY
′α
4V + Σ
Q′α
4V

αΣ
V
, (C29)
like in Eq. (C24). The contribution to the one loop corrections originating in the massive
vector boson fields AY
′
m and Z
Q′
m leads to the diagonal mass matrices MαΣ(1)V .
The mass matrices of Eq.(C29) demonstrate that the one loop contributions from AY
′
and AY
′
gauge bosons give corrections to the tree level mass eigenvalues, but not change the
off diagonal terms.
Appendix D: Short presentation of technique [1, 7–9], taken from [3]
In this appendix a short review of the technique [7–9], initiated and developed by one of
the authors when proposing the spin-charge-family-theory [1, 2] assuming that all the internal
degrees of freedom of spinors, with family quantum number included, are describable in the
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space of d-anticommuting (Grassmann) coordinates [7–9], if the dimension of ordinary space
is also d and further developed by both authors of the technique.. There are two kinds of
operators in the Grassmann space, fulfilling the Clifford algebra which anti commute with
one another. The technique was further developed in the present shape together with H.B.
Nielsen [7–9] by identifying one kind of the Clifford objects with γs’s and another kind with
γ˜a’s. In this last stage we constructed a spinor basis as products of nilpotents and projections
formed as odd and even objects of γa’s, respectively, and chosen to be eigenstates of a Cartan
subalgebra of the Lorentz groups defined by γa’s and γ˜a’s. The technique can be used to
construct a spinor basis for any dimension d and any signature in an easy and transparent
way. Equipped with the graphic presentation of basic states, the technique offers an elegant
way to see all the quantum numbers of states with respect to the two Lorentz groups, as
well as transformation properties of the states under any Clifford algebra object.
The objects γa and γ˜a have properties (4),
{γa, γb}+ = 2ηab , {γ˜a, γ˜b}+ = 2ηab , , {γa, γ˜b}+ = 0 , (D1)
for any d, even or odd. I is the unit element in the Clifford algebra.
The Clifford algebra objects Sab and S˜ab close the algebra of the Lorentz group
Sab : = (i/4)(γaγb − γbγa) ,
S˜ab : = (i/4)(γ˜aγ˜b − γ˜bγ˜a) ,
{Sab, S˜cd}− = 0 ,
{Sab, Scd}− = i(ηadSbc + ηbcSad − ηacSbd − ηbdSac) ,
{S˜ab, S˜cd}− = i(ηadS˜bc + ηbcS˜ad − ηacS˜bd − ηbdS˜ac) , (D2)
We assume the “Hermiticity” property for γa’s and γ˜a’s
γa† = ηaaγa , γ˜a† = ηaaγ˜a , (D3)
in order that γa and γ˜a are compatible with (D1) and formally unitary, i.e. γa † γa = I and
γ˜a †γ˜a = I.
One finds from Eq.(D3) that (Sab)† = ηaaηbbSab.
Recognizing from Eq.(D2) that two Clifford algebra objects Sab, Scd with all indices dif-
ferent commute, and equivalently for S˜ab, S˜cd, we select the Cartan subalgebra of the algebra
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of the two groups, which form equivalent representations with respect to one another
S03, S12, S56, · · · , Sd−1 d, if d = 2n ≥ 4,
S03, S12, · · · , Sd−2 d−1, if d = (2n+ 1) > 4 ,
S˜03, S˜12, S˜56, · · · , S˜d−1 d, if d = 2n ≥ 4 ,
S˜03, S˜12, · · · , S˜d−2 d−1, if d = (2n+ 1) > 4 . (D4)
The choice for the Cartan subalgebra in d < 4 is straightforward. It is useful to define
one of the Casimirs of the Lorentz group - the handedness Γ ({Γ, Sab}− = 0) in any d
Γ(d) : = (i)d/2
∏
a
(
√
ηaaγa), if d = 2n,
Γ(d) : = (i)(d−1)/2
∏
a
(
√
ηaaγa), if d = 2n+ 1 . (D5)
One can proceed equivalently for γ˜a’s. We understand the product of γa’s in the ascending
order with respect to the index a: γ0γ1 · · · γd. It follows from Eq.(D3) for any choice of the
signature ηaa that Γ† = Γ, Γ2 = I. We also find that for d even the handedness anticommutes
with the Clifford algebra objects γa ({γa,Γ}+ = 0) , while for d odd it commutes with γa
({γa,Γ}− = 0).
To make the technique simple we introduce the graphic presentation as follows
ab
(k): =
1
2
(γa +
ηaa
ik
γb) ,
ab
[k]:=
1
2
(1 +
i
k
γaγb) ,
+◦: = 1
2
(1 + Γ) ,
−•:= 1
2
(1− Γ), (D6)
where k2 = ηaaηbb. One can easily check by taking into account the Clifford algebra relation
(Eq.D1) and the definition of Sab and S˜ab (Eq.D2) that if one multiplies from the left hand
side by Sab or S˜ab the Clifford algebra objects
ab
(k) and
ab
[k], it follows that
Sab
ab
(k)=
1
2
k
ab
(k) , Sab
ab
[k]=
1
2
k
ab
[k] ,
S˜ab
ab
(k)=
1
2
k
ab
(k) , S˜ab
ab
[k]= −1
2
k
ab
[k] , (D7)
which means that we get the same objects back multiplied by the constant 1
2
k in the case
of Sab, while S˜ab multiply
ab
(k) by k and
ab
[k] by (−k) rather than (k). This also means that
when
ab
(k) and
ab
[k] act from the left hand side on a vacuum state |ψ0〉 the obtained states are
the eigenvectors of Sab. We further recognize that γa transform
ab
(k) into
ab
[−k], never to
ab
[k],
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while γ˜a transform
ab
(k) into
ab
[k], never to
ab
[−k]
γa
ab
(k)= ηaa
ab
[−k], γb
ab
(k)= −ik
ab
[−k], γa
ab
[k]=
ab
(−k), γb
ab
[k]= −ikηaa
ab
(−k) ,
γ˜a
ab
(k)= −iηaa
ab
[k], γ˜b
ab
(k)= −k
ab
[k], γ˜a
ab
[k]= i
ab
(k), γ˜b
ab
[k]= −kηaa
ab
(k) . (D8)
From Eq.(D8) it follows
Sac
ab
(k)
cd
(k) = − i
2
ηaaηcc
ab
[−k]
cd
[−k] , S˜ac
ab
(k)
cd
(k)=
i
2
ηaaηcc
ab
[k]
cd
[k] ,
Sac
ab
[k]
cd
[k] =
i
2
ab
(−k)
cd
(−k) , S˜ac
ab
[k]
cd
[k]= − i
2
ab
(k)
cd
(k) ,
Sac
ab
(k)
cd
[k] = − i
2
ηaa
ab
[−k]
cd
(−k) , S˜ac
ab
(k)
cd
[k]= − i
2
ηaa
ab
[k]
cd
(k) ,
Sac
ab
[k]
cd
(k) =
i
2
ηcc
ab
(−k)
cd
[−k] , S˜ac
ab
[k]
cd
(k)=
i
2
ηcc
ab
(k)
cd
[k] . (D9)
From Eqs. (D9) we conclude that S˜ab generate the equivalent representations with respect
to Sab and opposite.
Let us deduce some useful relations
ab
(k)
ab
(k) = 0 ,
ab
(k)
ab
(−k)= ηaa
ab
[k] ,
ab
(−k)
ab
(k)= ηaa
ab
[−k] ,
ab
(−k)
ab
(−k)= 0 ,
ab
[k]
ab
[k] =
ab
[k] ,
ab
[k]
ab
[−k]= 0 ,
ab
[−k]
ab
[k]= 0 ,
ab
[−k]
ab
[−k]=
ab
[−k] ,
ab
(k)
ab
[k] = 0 ,
ab
[k]
ab
(k)=
ab
(k) ,
ab
(−k)
ab
[k]=
ab
(−k) ,
ab
(−k)
ab
[−k]= 0 ,
ab
(k)
ab
[−k] =
ab
(k) ,
ab
[k]
ab
(−k)= 0,
ab
[−k]
ab
(k)= 0 ,
ab
[−k]
ab
(−k)=
ab
(−k) . (D10)
We recognize in the first equation of the first row and the first equation of the second row the
demonstration of the nilpotent and the projector character of the Clifford algebra objects
ab
(k) and
ab
[k], respectively. Defining
ab
˜(±i)= 1
2
(γ˜a ∓ γ˜b) ,
ab
˜(±1)= 1
2
(γ˜a ± iγ˜b) , (D11)
one recognizes that
ab
˜(k)
ab
(k) = 0 ,
ab
˜(−k)
ab
(k)= −iηaa
ab
[k] ,
ab
˜(k)
ab
[k]= i
ab
(k) ,
ab
˜(k)
ab
[−k]= 0 . (D12)
Recognizing that
ab
(k)
†
= ηaa
ab
(−k) ,
ab
[k]
†
=
ab
[k] , (D13)
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we define a vacuum state |ψ0 > so that one finds
<
ab
(k)
† ab
(k) >= 1 ,
<
ab
[k]
† ab
[k] >= 1 . (D14)
Taking into account the above equations it is easy to find a Weyl spinor irreducible
representation for d-dimensional space, with d even or odd.
For d even we simply make a starting state as a product of d/2, let us say, only nilpotents
ab
(k), one for each Sab of the Cartan subalgebra elements (Eq.(D4)), applying it on an (unim-
portant) vacuum state. For d odd the basic states are products of (d− 1)/2 nilpotents and
a factor (1 ± Γ). Then the generators Sab, which do not belong to the Cartan subalgebra,
being applied on the starting state from the left, generate all the members of one Weyl
spinor.
0d
(k0d)
12
(k12)
35
(k35) · · ·
d−1 d−2
(kd−1 d−2) ψ0
0d
[−k0d]
12
[−k12]
35
(k35) · · ·
d−1 d−2
(kd−1 d−2) ψ0
0d
[−k0d]
12
(k12)
35
[−k35] · · ·
d−1 d−2
(kd−1 d−2) ψ0
...
0d
[−k0d]
12
(k12)
35
(k35) · · ·
d−1 d−2
[−kd−1 d−2] ψ0
od
(k0d)
12
[−k12]
35
[−k35] · · ·
d−1 d−2
(kd−1 d−2) ψ0
... (D15)
All the states have the handedness Γ, since {Γ, Sab} = 0. States, belonging to one multiplet
with respect to the group SO(q, d − q), that is to one irreducible representation of spinors
(one Weyl spinor), can have any phase. We made a choice of the simplest one, taking all
phases equal to one.
The above graphic representation demonstrate that for d even all the states of one irre-
ducible Weyl representation of a definite handedness follow from a starting state, which is,
for example, a product of nilpotents
ab
(kab), by transforming all possible pairs of
ab
(kab)
mn
(kmn)
into
ab
[−kab]
mn
[−kmn]. There are Sam, San, Sbm, Sbn, which do this. The procedure gives 2(d/2−1)
states. A Clifford algebra object γa being applied from the left hand side, transforms a Weyl
spinor of one handedness into a Weyl spinor of the opposite handedness. Both Weyl spinors
form a Dirac spinor.
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For d odd a Weyl spinor has besides a product of (d − 1)/2 nilpotents or projectors
also either the factor
+◦:= 1
2
(1 + Γ) or the factor
−•:= 1
2
(1 − Γ). As in the case of d even,
all the states of one irreducible Weyl representation of a definite handedness follow from a
starting state, which is, for example, a product of (1 + Γ) and (d− 1)/2 nilpotents
ab
(kab), by
transforming all possible pairs of
ab
(kab)
mn
(kmn) into
ab
[−kab]
mn
[−kmn]. But γa’s, being applied from
the left hand side, do not change the handedness of the Weyl spinor, since {Γ, γa}− = 0 for
d odd. A Dirac and a Weyl spinor are for d odd identical and a ”family” has accordingly
2(d−1)/2 members of basic states of a definite handedness.
We shall speak about left handedness when Γ = −1 and about right handedness when
Γ = 1 for either d even or odd.
While Sab which do not belong to the Cartan subalgebra (Eq. (D4)) generate all the states
of one representation, generate S˜ab which do not belong to the Cartan subalgebra(Eq. (D4))
the states of 2d/2−1 equivalent representations.
Making a choice of the Cartan subalgebra set of the algebra Sab and S˜ab
S03, S12, S56, S78, S9 10, S11 12, S13 14 ,
S˜03, S˜12, S˜56, S˜78, S˜9 10, S˜11 12, S˜13 14 , (D16)
a left handed (Γ(1,13) = −1) eigen state of all the members of the Cartan subalge-
bra, representing a weak chargeless uR-quark with spin up, hypercharge (2/3) and colour
(1/2 , 1/(2
√
3)), for example, can be written as
03
(+i)
12
(+) |
56
(+)
78
(+) ||
9 10
(+)
11 12
(−)
13 14
(−) |ψ〉 =
1
27
(γ0 − γ3)(γ1 + iγ2)|(γ5 + iγ6)(γ7 + iγ8)||
(γ9 + iγ10)(γ11 − iγ12)(γ13 − iγ14)|ψ〉 . (D17)
This state is an eigenstate of all Sab and S˜ab which are members of the Cartan subalgebra
(Eq. (D16)).
The operators S˜ab, which do not belong to the Cartan subalgebra (Eq. (D16)), generate
families from the starting uR quark, transforming uR quark from Eq. (D17) to the uR of
another family, keeping all the properties with respect to Sab unchanged. In particular S˜01
applied on a right handed uR-quark, weak chargeless, with spin up, hypercharge (2/3) and
the colour charge (1/2 , 1/(2
√
3)) from Eq. (D17) generates a state which is again a right
handed uR-quark, weak chargeless, with spin up, hypercharge (2/3) and the colour charge
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(1/2 , 1/(2
√
3))
S˜01
03
(+i)
12
(+) |
56
(+)
78
(+) ||
910
(+)
1112
(−)
1314
(−)= − i
2
03
[ +i]
12
[ + ] |
56
(+)
78
(+) ||
910
(+)
1112
(−)
1314
(−) . (D18)
Below some useful relations [2] are presented
N±+ = N
1
+ ± iN2+ = −
03
(∓i)
12
(±) , N±− = N1− ± iN2− =
03
(±i)
12
(±) ,
N˜±+ = −
03
˜(∓i)
12
˜(±) , N˜±− =
03
˜(±i)
12
˜(±) ,
τ 1± = (∓)
56
(±)
78
(∓) , τ 2∓ = (∓)
56
(∓)
78
(∓) ,
τ˜ 1± = (∓)
56
˜(±)
78
˜(∓) , τ˜ 2∓ = (∓)
56
˜(∓)
78
˜(∓) . (D19)
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